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Abstract
There are fifteen edge-to-edge tilings of sphere by congruent pen-
tagons with edge combination a3b2: five one-parameter families of
pentagonal subdivisions, two tilings by 24 copies of a unique pen-
tagon, four tilings by 60 copies of second unique pentagon, four tilings
by 60 copies of third unique pentagon.
Keywords: Spherical tiling, Pentagon, Classification.
1 Introduction
In an edge-to-edge tiling of sphere by congruent pentagons, the pentagon can
have five possible edge combinations [4, Lemma 9]: a2b2c, a3bc, a3b2, a4b, a5.
We classified the first two combinations in [4]. In this second paper of the
series, we classify the third combination a3b2.
Theorem. Edge-to-edge tilings of the sphere by congruent pentagons with
edge combination a3b2 (a, b distinct) are the following.
1. Five one parameter families of pentagonal subdivisions of platonic solids.
2. Three families of tilings, each with the same and unique pentagon.
• T (4βγǫ2, 2ǫ4), T (4β2γ2, 2ǫ4), 24 tiles.
∗Research was supported by Hong Kong RGC General Research Fund 16303515.
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• T (5βγǫ3, 7ǫ5), T (10βγǫ3, 2ǫ5), T (2β2γ2ǫ, 6βγǫ3, 4ǫ5),
T (6β2γ2ǫ, 3βγǫ3, 3ǫ5), 60 tiles.
• T (5βγǫ2, 5δǫ3, 7ǫ5), T (10βγǫ2, 10δǫ3, 2ǫ5),T (10βγǫ2, 6δǫ3, 4ǫ5),
T (15βγǫ2, 3δǫ3, 3ǫ5), 60 tiles.
The most general pentagonal subdivision tilings are introduced in [4].
When the operation is applied to platonic solids, we get all the edge-to-edge
tilings of sphere by congruent pentagons with edge combination a2b2c. The
pentagon in such tilings is the center of Figure 1, with n = 3 for tetrahedron,
n = 4 for octahedron (or cube), and n = 5 for icosahedron (or dodecahedron),
and the sum of three unlabelled angles should be 2π. The number of tiles is
respectively f = 12, 24, 60 for n = 3, 4, 5.
a
a
b
b
c
2
3π
2
n
πc = a23π
2
n
π c = b 23π
2
n
π
Figure 1: Reduction of pentagonal subdivision tiling.
Although the classification in [4] assumes distinct edge lengths a, b, c,
when some edge lengths become equal (i.e., reduction), the pentagonal sub-
division construction still gives tilings of sphere by congruent pentagons.
There are four possible reductions: c = a 6= b, c = b 6= a, a = b 6= c,
a = b = c. Figure 1 shows the first two reductions, which have edge com-
bination a3b2 (after relabelling the edges). The two reductions are the same
for n = 3 and are different when n = 4, 5. Therefore we get five families in
the main theorem. Moreover, since the general subdivision tiling allows two
free parameters, the reduction by one equality allows one free parameter.
The reduction a = b = c gives tilings by congruent equilateral pentagons.
There are exactly three such tilings, given by the third paper [2] of the
series. The reduction a = b 6= c gives tilings by congruent almost equilateral
pentagons, and will be included in future work.
Next we describe the three families in the second part of the theorem. Our
earliest result [1, 3] shows that the pentagonal subdivision is the only tiling
of sphere by 12 congruent pentagons. For f = 24, the reduced pentagonal
subdivision by c = b 6= a (see the right of Figure 1) has one free parameter.
For one particular choice of the free parameter, half of the pentagonal subdi-
vision T (6ǫ4) can be twisted in two ways to produce tilings T (4βγǫ2, 2ǫ4) and
2
T (4β2γ2, 2ǫ4). The particular choice of the parameter is specified by (4.3),
with reference to the pentagon given by Figure 8. The tilings are given by
Figure 18 or 19, with triangles given by Figure 16.
For f = 60, the reduced pentagonal subdivision by c = b 6= a again
has one free parameter. For two particular choices of the free parameter,
the specific pentagon can be used to tile the sphere in ways other than the
pentagonal subdivision. The particular choices of the parameter are specified
by (4.4) and (5.4). The two choices are actually complementary, in the sense
that they represent two different ways (due to the change of orientation of
sphere) of connecting centers of faces of platonic solids to trisecting points of
edges. See the third of Figure 14, with one choice given by thick lines, and one
choice by dashed lines. In contrast, due to the special shape of the pentagon
for f = 24 (see the first of Figure 14), the change of choice does not change
the pentagon and the tiling. For the first choice (4.4), we may twist the
standard pentagonal subdivision T (12ǫ5) in two ways to get T (5βγǫ3, 7ǫ5) and
T (10βγǫ3, 2ǫ5). We may also construct two other tilings T (2β2γ2ǫ, 6βγǫ3, 4ǫ5)
and T (6β2γ2ǫ, 3βγǫ3, 3ǫ5) not related to the pentagonal subdivision. For the
second choice (5.4), we may also twist the standard pentagonal subdivision
in two ways to get T (5βγǫ2, 5δǫ3, 7ǫ5) and T (10βγǫ2, 10δǫ3, 2ǫ5). Similarly,
we also have two other tilings T (10βγǫ2, 6δǫ3, 4ǫ5) and T (15βγǫ2, 3δǫ3, 3ǫ5)
not related to the pentagonal subdivision.
Technically, the focus of the classification for a2b2c and a3bc in [4] is the
analysis of the neighborhood of a special tile with four degree 3 vertices and
the fifth vertex having degree 3, 4 or 5. While this is still a crucial part
of this paper, the focus of the classification for a3b2 is more about allowable
combinations of angles at degree 3 vertices in a tiling. This is illustrated in the
series of Propositions 10 through 18. The classification of pentagonal tilings
of sphere cannot be accomplished by one technique. Depending on the edge
combination, we actually have a spectrum of techniques, with geometrical
constraints and spherical trigonometry playing more and more important
role as the edges becoming less and less varied. In the third of our series [2],
the classification for the equilateral case is actually dominated by geometrical
calculation using spherical trigonometry.
This paper is organized as follows. Section 2 is a key geometrical condition
for spherical pentagons that will become extremely useful throughout our
classification project. Section 3 develops basic techniques needed for the
classification work. This includes general results from [4] and some technical
results specific to the edge combination a3b2. Sections 4 and 5 prove two key
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classification results, which provide all the special tilings in our main theorem.
Section 6 gives seven cases of angle combinations at degree 3 vertices that do
not admit tilings. The final Section 7 analyses the neighborhood of a special
tile and completes the classification.
We would like to thank Ka-yue Cheuk and Ho-man Cheung. Some of
their initial work on the pentagonal subdivision are included in the first and
this paper.
2 Non-symmetric Pentagon
The pentagon in Figure 2 has two a-edges and two b-edges as indicated. By
[3, Lemma 21], we have β = γ if and only if δ = ǫ. Of course the equalities
mean that the pentagon is symmetric. The following is a stronger version of
the result. The lemma allows a and b to be equal.
Lemma 1. If the spherical pentagon in Figure 2 is simple and has two pairs
of edges of equal lengths a and b, then β > γ is equivalent to δ < ǫ.
b
a a
b
α
β γ
δ ǫ
Figure 2: A pentagon with two a-edges and two b-edges.
By simple polygon, we mean the boundary does not intersect itself. By
[3, Lemma 1], in an edge-to-edge tiling of the sphere by congruent pentagons,
the pentagon must be simple.
To simplify the discussion, we will always use strict inequalities in this
section. For example, this means that the opposite of α > π will be α < π.
The special case of equalities can be easily analysed and therefore will be
omitted.
The concept of the interior of a simple polygon is relative on sphere. Once
we designate “inside”, then we have the “outside”. Moreover, the inside is
the “outside of the outside”. We note that the reformulation of Lemma 1 in
terms of the outside is equivalent to the original formulation in terms of the
inside. We will also use the sine law and the following well known result in
the spherical trigonometry: If a spherical triangle has angles α, β, γ < π and
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corresponding edges a, b, c opposite to the angles, then α > β if and only if
a > b.
Let A,B,C,D,E be the vertices at angles α, β, γ, δ, ǫ. Among the two
great arcs connecting B and C, take the one with length < π to form the edge
BC. The edge BC is indicated by the dashed line in Figure 3. Since AB and
AC intersect only at one point A and have the same length b, we get b < π.
Since all three edges AB,AC,BC have lengths < π, by the sine law, among
the two triangles bounded by the three edges, one has all three angles < π.
We denote this triangle by △ABC. The angle ∠BAC of △ABC is either
α of the pentagon, or its complement 2π − α. Since the inside and outside
versions of the lemma are equivalent, we will always assume α = ∠BAC < π
in the subsequent discussion.
A
B C
D
E
F
G
bb
a
a
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β
γ
δ
ǫ
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b b
α
δ ǫ
β′ γ′
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B C
α
β γ
δ ǫ
β′ γ′
δ′ ǫ′
bb
Figure 3: Constraint for pentagon and for quadrilateral.
The pentagon is obtained by choosing D,E, and then connecting B to
D, C to E, and D to E by great arcs. Since BC < π, we find that BC does
not intersect BD and CE, and the intersection of BC and DE is at most
one point.
If BC and DE intersect at one point F , then one of D,E is inside △ABC
and one is outside (we omit the “equality case” of D or E is on BC). The
first of Figure 3 shows the case D is outside and E is inside. Since BC < π,
the interiors of BD and CE do not intersect BC. This implies that
β > ∠ABC = ∠ACB > γ.
On the other hand, since AC = b < π and BC < π, the prolongation of
CE intersects the boundary of △ABC at a point G on AB. Using AB < π,
α < π, γ < ∠ACB < π and applying the sine law to△ACG, we get CG < π,
so that a = CE < CG < π. Using a < π, BF < BC < π, CF < BC < π,
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∠BFD = ∠CFE < π and applying the sine law to △BDF and △CEF , we
get ∠BDF < π and ∠CEF < π. Therefore
δ = ∠BDF < π < 2π − ∠CEF = ǫ.
This proves that D outside and E inside imply β > γ and δ < ǫ. Similarly,
D inside and E outside imply β < γ and δ > ǫ.
If BC and DE are disjoint, then either both B,C are outside △ABC,
or both B,C are inside △ABC. The case both B,C are outside △ABC
is the second of Figure 3. Since △ABC is an isosceles triangle, we get
β − β ′ = γ − γ′. Therefore β > γ if and only if β ′ > γ′. The case both
B,C are inside △ABC is the third of Figure 3. Since △ABC is an isosceles
triangle, we get β+β ′ = γ+γ′. Therefore β > γ if and only if β ′ < γ′. Since
δ + δ′ = γ + γ′, we also have δ < ǫ if and only if δ′ < ǫ′. In either case, the
proof of Lemma 1 is reduced to the proof of the following similar result for
quadrilaterals.
Lemma 2. If the spherical quadrilateral in Figure 4 is simple and has a pair
of equal edges a, then β > γ is equivalent to δ < ǫ.
a a
B C
D E
β γ
δ ǫ
Figure 4: A quadrilateral with two a-edges.
Similar to pentagon, we note that the reformulation of Lemma 4 in terms
of the outside is equivalent to the original formulation in terms of the inside.
To prove Lemma 4, we use the conformally accurate way of drawing great
circles on the sphere. Let the circle Γ be the stereographic projection (from
the north pole to the tangent space of the south pole) of the equator. The
antipodal points on the equator are then projected to the antipodal points on
Γ. We denote the antipodal point of P by P ∗. Since the intersection of any
great arc with the equator is a pair of antipodal points on the equator, the
great circles of the sphere are in one-to-one correspondence with the circles
(and straight lines) on the plane that intersect Γ at a pair of antipodal points.
Proof. Suppose a > π. In Figure 5, we draw great circles (©BPP ∗ and
©CPP ∗) containing the two a-edges. They intersect at a pair of antipodal
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points P, P ∗ and divide the sphere into four 2-gons. Since a > π and the
boundary of the quadrilateral is simple, P, P ∗ lie in different a-edges. Up to
symmetry, therefore, there are two ways the four vertices B,C,D,E of the
two a-edges can be located, described by the first and second of Figure 5.
Moreover, since a > π, the antipodal point B∗ of B lies in the a-edge BP ∗D.
In the first of Figure 5, we consider two great arcs connecting B and
C. One great arc (the solid one) is completely contained in the indicated
2-gon. The other great arc (the dashed one) intersects the a-edge BP ∗D at
the antipodal point B∗ and therefore cannot be an edge of the quadrilateral.
We conclude that the BC edge is the solid one. By the same reason, the
edge DE is also the solid one, that is completely contained in the indicated
2-gon. Then the picture implies
β < π < γ, δ > π > ǫ.
Similar argument gives the BC edge and DE edges of the quadrilateral in
the second of Figure 5, and we get the same inequalities above.
In all the subsequent argument, we may assume a < π.
P
P ∗
Γ
B
β
D
δ
B∗
E
ǫ
a aC
γ
Bβ
D
δǫ
Ea a
Cγ
D
D∗
δ
Bβ
Cγ
Eǫ
Figure 5: Lemma 4: a > π, and DE < π in case δ, γ < π.
Next we argue that, if δ, ǫ < π, then we may further assume DE < π.
SupposeDE > π. We draw the great circle©DE containingDE in the third
of Figure 5. Since δ, ǫ < π, both DB and EC lie in the same hemisphere H
bounded by the circle. This implies that both B and C lie in H . Therefore
among two great arcs connecting B and C, one intersects ©DE at two
antipodal points. By DE > π, one such point lies on DE, and therefore
this arc is not the BC edge. This proves that the BC edge also lies in the
hemisphere H . Since all three edges connecting D,B,C,E lie in H , we can
have the complement of the quadrilateral in H . The complement is still
a quadrilateral, which differs from the original one by replacing DE with
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the other great arc (of length 2π − DE < π) connecting D and E, and by
replacing β, γ, δ, ǫ with 2π − β, 2π − γ, π − δ, π − ǫ. Moreover, we still have
π − δ, π − ǫ < π. It is easy to see that the lemma for the new quadrilateral
is equivalent to the lemma for the original quadrilateral.
Now we are ready to prove the lemma. We divide into two cases. The first
is at least three angles < π. By considering the complement quadrilateral,
this also covers the case of at least three angles > π. The second is the case
of two angles > π and two angles < π.
Suppose at least three angles < π. Up to symmetry, we may assume
β, δ, ǫ < π. By the earlier argument, we may further assume that a < π
and DE < π. In Figure 6, we draw the great circles ©DB and ©DE
containing DB and DE. The two great circles divide the sphere into four
2-gons. By δ < π, we may assume that δ is an angle of the middle 2-gon. By
DB = a < π and DE < π, B and E lie on the two edges of the middle 2-gon.
By β, ǫ < π, we find that BC and EC are inside the middle 2-gon. We also
prolong the a-edge EC to intersect the boundary of middle 2-gon at T . The
two pictures in Figure 6 refer to γ > π and γ < π. In the first picture, we
have DT < DB = a = EC < ET . Since all angles of △DET are < π, this
implies that ǫ = ∠DET < ∠EDT = δ. We also have β < π < γ. In the
second picture, the great circles©DB and©EC containing the two a-edges
intersect at antipodal points T and T ∗, and the two antipodal points do not
lie on the two a-edges. This implies BT + a +DT ∗ = π = CT + a + ET ∗.
Since all angles in △BCT and △DET ∗ are < π, we then have
β > γ ⇐⇒ a+ ET ∗ > a+DT ∗ ⇐⇒ a + CT < a +BT ⇐⇒ δ < ǫ.
D∗
D
δ
E
ǫ
B
β
C
γT
a
a
D∗
D
δ
Eǫ
B β
T
T ∗
C
γ a
a
Figure 6: Lemma 4: At least three angles > π.
Suppose two angles > π and two angles < π. Then up to symmetry, we
need to consider the following three cases.
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1. β, γ > π and δ, ǫ < π.
2. β, δ > π and γ, ǫ < π.
3. β, ǫ > π and γ, δ < π.
In the first case, by the earlier argument, we may additionally assume
a < π and DE < π. We draw great circles ©BD and ©CE containing
the two a-edges. Since a < π and the two a-edges do not intersect, we may
assume that they are inside the two edges of the middle 2-gon bounded by
©BD and ©CE, as in the first of Figure 7. Since DE < π, the edge DE
lies in the middle 2-gon. Since δ, ǫ < π, the two angles also lies in the middle
2-gon. Then β, γ > π implies that the BC edge lies outside the middle 2-
gon. If we replace the BC edge by the other great arc c connecting the two
points, then we get a new quadrilateral with angles β−π, γ−π, δ, ǫ. All four
angles of the new quadrilateral are < π, and the earlier argument shows that
the lemma holds for the new quadrilateral. Then it is easy to see that the
lemma for the new quadrilateral is equivalent to the lemma for the original
quadrilateral. This completes the proof of the case.
C
E
ǫ
B
D
δ
β
γ
a
a
c
E∗
E
C
C∗
B
D
β
γ
δ
ǫ
a
a
Figure 7: Lemma 4: Two angles < π and two angles > π.
In the second case, we may again assume a < π. We draw the circle©CE
containing the a-edge CE, as in the second of Figure 7. Since γ, ǫ < π, the
two angles lie in the same hemisphere H1 bounded by ©CE. Then the
prolongation of CB and ED intersect at a point inside the hemisphere H1.
Since CB and ED do not intersect, we must have either B,C lie in the
same hemisphere H2 bounded by the circle©DEE∗, or D,E lie in the same
hemisphere bounded by the circle ©BCC∗. Without loss of generality, we
may assume the first scenario happens, as in the second of Figure 7. Since
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a < π, we also know that both BC and CE lie in H2, as in the second of
Figure 7. Now BD = a < π implies that the BD edge cannot intersect©CE
at two points. Therefore the BD edge also lies inside H1. This implies that
δ is the angle between an edge BD inside H2 and the boundary ©DEE∗ of
H2. Such angle is always < π. This contradicts the assumption that δ > π.
Finally, the third case is consistent with the conclusion of lemma.
3 Basic Technique
Our goal is to classify edge-to-edge tilings of the sphere by congruent pen-
tagons of edge combination a3b2. By [3, Lemma 1], the pentagon is simple.
By [4, Lemma 9], the pentagon is given by Figure 8. There is one b2-angle
α, two ab-angles β, γ, and two a2-angles δ, ǫ. By [4, Lemma 4], they satisfy
the angle sum equation for pentagon
α + β + γ + δ + ǫ = (3 + 4
f
)π.
In all subsequent discussions, we will omit mentioning that the tilings are
edge-to-edge.
a
b
α
β γ
δ ǫ
Figure 8: Edges and angles for a3b2, with a, b distinct.
By [4, Lemma 1], there is a tile with four degree 3 vertices, and the fifth
vertex having degree 3, 4 or 5. The special tile is called 35-tile, 344-tile, or
345-tile. Then we may combine [4, Lemmas 2 and 3] and the idea of [3,
Proposition 5] to prove the following. Pentagonal subdivision is introduced
in [4, Section 3.1].
Lemma 3. An edge-to-edge tiling of the sphere by pentagons has a 35-, 344-,
or 345-tile.
1. The number of tiles f ≥ 12 and is even. Moreover, if f = 12, then
the tiling is the dodecahedron, i.e., the pentagonal subdivision of tetra-
hedron.
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2. If there is no 35-tile, then f ≥ 24. Moreover, if f = 24, then every tile
is a 344-tile, and the tiling is the pentagonal subdivision of octahedron
(and cube).
3. If there is no 35-tile and no 344-tile, then f ≥ 60. Moreover, if f = 60,
then every tile is a 345-tile, and the tiling is the pentagonal subdivision
of icosahedron (and dodecahedron).
Pentagonal tilings of the sphere with minimal number f = 12 of tiles has
been classified in [1, 3]. Therefore we assume f > 12 througout this paper.
The critical information needed for tiling the sphere is the possible combi-
nations of angles at vertices. The collection of all such possible combinations
is the anglewise vertex combination, or AVC. The AVC we derive initially
may contain some combinations that actually cannot appear. The AVC may
become more refined (i.e., smaller) after further argument.
To derive the AVC, we need to find various geometrical and combinatorial
constraints. By Lemma 1 (and [3, Lemma 21]), we know there are three
possibilities for the angles:
1. β = γ and δ = ǫ.
2. β > γ and δ < ǫ.
3. β < γ and δ > ǫ.
The first is the symmetric case. Most of our classification will be about the
non-symmetric case, i.e., β 6= γ and δ 6= ǫ.
By the edge length consideration, degree 3 vertices with only one b-edge
are βγδ, βγǫ, β2δ, β2ǫ, γ2δ, γ2ǫ. In the non-symmetric case, Lemma 1 implies
how two such vertices can appear simultaneously.
Lemma 4. If the spherical pentagon in Figure 8 is simple and not symmetric,
then the following are the only possible combinations of two degree 3 vertices
with only one b-edge.
1. βγδ, γ2ǫ.
2. βγǫ, β2δ.
3. β2δ, γ2ǫ.
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The following is useful for determining some angles in the neighborhood
tiling of the special tile in Lemma 3.
Lemma 5. Suppose two spherical pentagon in Figure 8 share the a-edge
opposite to α. If the two shared vertices have degree 3, then the arrangement
of one pentagon implies the arrangement of the other pentagon.
αα
β
βγ
γ
ǫ
ǫ
δ
δ
Figure 9: One pentagon determines the other.
Proof. The arrangement of the angles in a pentagon is determined by the
locations of its δ, ǫ. If the arrangements of the two pentagons are not related
as in Figure 39, then the two vertices shared by the two pentagons are δ2 · · ·
and ǫ2 · · · . These are different combinations of three angles from δ, ǫ. By
comparing the angle sums at the two vertices, we conclude δ = ǫ. By [3,
Lemma 21], the pentagon is symmetric.
When we go around a vertex, the number of times the edges switch be-
tween a and b must be even. Since β and γ are the only ab-angles, we get
the following result. The result is used so often that we choose to give it a
name.
Lemma 6 (Parity Lemma). In a spherical tiling by congruent pentagons in
Figure 8, the number of ab-angles (i.e., β and γ) at any vertex is even.
In the non-symmetric case, the two ab-angles β, γ can be distinguished
by their values (same for the two a2-angles δ, ǫ). Then it makes sense to say
that the total number of times the ab-angle β appears in the tiling is f , and
the similar statements for all the other angles. The counting argument and
the parity lemma has the following consequence. Again the lemma is used
so often, that we give it a name.
Lemma 7 (Balance Lemma). In a spherical tiling by congruent non-symmetric
pentagons in Figure 8, if either β2 · · · or γ2 · · · is not a vertex, then any ver-
tex either contains no ab-angle, or is of the form βγ · · · with no more ab-angle
in the remainder · · · .
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Proof. If β2 · · · is not a vertex, then any vertex is of the form βkγl · · · ,
k = 0, 1, with no β, γ in the remainder. If k = 0, then l ≥ k. If k = 1, then
by the parity lemma, we have 1+ l even, which implies l ≥ 1 = k. Therefore
at each vertex, the number of times β appears is always no bigger than the
number of times γ appears. On the other hand, the total number of times
the two angles appear in the whole tiling is the same f . This implies l = k
at every vertex.
A very useful tool for deriving angle combinations at vertices is the tech-
nique of adjacent angle deduction introduced in [4, Section 2.4]. This starts
by including the edge length and adjacency (i.e., configuration) information
in the notation for a vertex. For example, we denote the vertex in Figure 10
by β δ γ · · · . Then β γ · · · means a vertex in which a β and a γ share a-
edge, and β γ · · · means a vertex in which a β and a γ share b-edge. However,
if we only list angles, such as βγδ · · · , then we do not imply any adjacency
or edge length information, unless we say consecutive.
An angle in the pentagon has two adjacent angles. For example, β has
adjacent angles α, δ. We include the edge length information and denote the
process by β → αδ . Similarly, we have α → βγ or α → γβ . In case
we are not sure of the order among β, γ, we simply denote α → (βγ) to
include both possibilities. The adjacent angle deduction is the application
of the process to consecutive angles at a vertex. For example, Figure 10
shows that from β δ γ at a vertex, we may deduce αδ (βǫ) ǫα just off the
vertex. If αδ (βǫ) ǫα is αδ βǫ ǫα , then we get vertices β δ · · · and ǫ ǫ · · · .
If αδ (βǫ) ǫα is αδ ǫβ ǫα , then we get vertices δ ǫ · · · and β ǫ · · · .
αγ
ǫ
α β
δ
αγ
ǫ
α β
δ
δ
β ǫ
β δ γ → αδ βǫ ǫα
δ
ǫ β
β δ γ → αδ ǫβ ǫα
Figure 10: Adjacent angle deduction β δ γ → αδ (βǫ) ǫα .
Since consecutive βδγ at a vertex must be configured as β δ γ , the adja-
cent angle deduction above shows that, if δǫ · · · , ǫ2 · · · are not vertices, then
we cannot have consecutive βδγ at a vertex.
The adjacent angle deduction is symmetric with respect to the flipping.
This means that β δ γ → αδ (βǫ) ǫα is the same as γ δ β → ǫα (βǫ) δα .
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Moreover, if all angles at a vertex are included, then the deduction is also
circular. For example, up to the symmetry, the vertex α3 = α α α has two
possible circular adjacent angle deductions (see Figure 11)
α α α → βγ βγ βγ , α α α → βγ γβ βγ .
The two deductions show that, if α3 is a vertex, then we either get three
β γ · · · just off the vertex, or we get all β γ · · · , β β · · · , γ γ · · · just off the
vertex.
α α
α αα α
β
γβ
γ
βγ
γ
γ
β
γ
β β
Figure 11: Adjacent angle deduction at α3.
In general, around a vertex αk, the number of β β · · · is the same as the
number of γ γ · · · . This implies that, if β γ · · · is not a vertex, then k must
be even. The similar argument can be applied to δk or ǫk. We know the
vertices around δk are β β · · · , ǫ ǫ · · · , β ǫ · · · , and the number of the first
two kinds of vertices are the same.
In case there are several possible deductions, additional information may
force our choice. For example, the unique deduction β β → δα αδ gives us
a vertex α α · · · . Since the vertex is from the specific deduction, we also know
that the deduction of α α is γβ βγ (instead of the other two possibilities
βγ βγ and βγ γβ ). In particular, if α α · · · is αk, then this implies that
γ γ · · · is also a vertex.
Lemma 8. Consider a spherical tiling by congruent non-symmetric pen-
tagons in Figure 8.
1. If δ δ · · · is not a vertex, then there is no consecutive βǫ · · · ǫβ (· · ·
consists of ǫ only) at a vertex. In case the sequence is ββ, this means
that β β · · · is not a vertex.
2. If δ δ · · · , γ δ · · · are not vertices, then there is no consecutive βǫ, ǫǫǫ
at a vertex.
3. If δ δ · · · , γ δ · · · are not vertices, and δǫ · · · = δǫ2, then there is no
consecutive γǫγ, γǫǫ at a vertex. Moreover, β · · · must be β δ · · · .
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Proof. Consecutive βǫ · · · ǫβ at a vertex has adjacent angle deduction
βǫ · · · ǫβ = β ǫ · · · ǫ β → αδ (γδ) · · · (γδ) δα .
Since we always get δ δ on the right, this proves the first part.
The adjacent angle deductions
βǫ = β ǫ → αδ (γδ) , ǫǫǫ = ǫ ǫ ǫ → (γδ) (γδ) (γδ) ,
imply the second part.
Under the assumption of the third part, we consider adjacent angle de-
duction of γ ǫ . If γ ǫ → αǫ δγ , then we get a vertex ǫ δ · · · = δǫ2 = ǫ ǫ δ .
Moreover, since ǫ δ is deduced from γ ǫ , we have adjacent angle deduction
ǫ ǫ δ → (γδ) δγ ǫβ .
Then we find either δ δ or γ δ is a vertex. Since this contradicts the assump-
tion, we conclude that the adjacent angle deduction of γ ǫ cannot be αǫ δγ ,
and therefore must be αǫ γδ . Then we have adjacent angle deductions
γǫγ = γ ǫ γ → αǫ γδ ǫα , γǫǫ = γ ǫ ǫ → αǫ γδ (γδ) ,
The first implies ǫ γ → γδ ǫα . This is the same as γ ǫ → αǫ δγ , which
we proved cannot happen. The second always gives a vertex δ δ · · · or γ δ · · · ,
violating the assumption. This proves no consecutive γǫγ and γǫǫ.
Consider a vertex β θ · · · . By the first part, we have θ 6= β. By the
second part, we have θ 6= ǫ. If θ = γ, then we have adjacent angle deduction
β γ → αδ ǫα . This gives a vertex δ ǫ · · · = δ ǫ ǫ and adjacent angle
deduction
δ ǫ ǫ → ǫβ γδ (γδ) .
Then either δ δ or γ δ is a vertex, contradicting the assumption. Therefore
θ 6= γ. This proves θ = δ.
Lemma 9. In a spherical tiling by congruent non-symmetric pentagons in
Figure 8, if there is a vertex with unequal number of β and γ, then one of
β2δ · · · , δ2 · · · is a vertex, and one of γ2ǫ · · · , ǫ2 · · · is a vertex.
Proof. The lemma is equivalent to the following statement: If β2δ · · · and
δ2 · · · are not vertices, then the numbers of β and γ at any vertex are equal.
We prove this statement.
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At any vertex, the b-edges divide all the angles into consecutive sequences
βθ1 · · · θkβ, βθ1 · · · θkγ, γθ1 · · · θkγ, α, where θi are a2-angles δ or ǫ. See Figure
12. Since β2δ · · · is not a vertex, the sequence βθ1 · · · θkβ must be βǫ · · · ǫβ.
Since δ2 · · · is not a vertex, the sequence βǫ · · · ǫβ contradicts Lemma 8.
Therefore there is no consecutive sequence βθ1 · · · θkβ at any vertex. This
implies that the number of β is no bigger than the number of γ at any vertex.
Since the total numbers of β and γ in the tiling are equal, this further implies
that the numbers of β and γ at any vertex are equal.
β
β
β
γ
γ
γ
α θ
k
∗
θk
∗
θk
∗
Figure 12: Consecutive angles between b-edges at a vertex.
Finally, we adopt the notation in [4] for the construction of tilings. We
denote by Pi the tile labeled i, by Eij the edge shared by Pi, Pj, and by Vijk
the vertex shared by Pi, Pj, Pk. We denote by Ai,jk the angle of Pi at Vijk,
and by θi the angle θ in Pi. When we say a tile is determined, we mean that
we know all the edges and angles of the tile.
4 Tiling with Vertices α3, βγδ, δǫ2
Proposition 10. Tilings of the sphere by congruent non-symmetric pen-
tagons in Figure 8, such that α3, βγδ are vertices and δ + 2ǫ = 2π, are the
following.
1. f = 24: T (6ǫ4), T (4βγǫ2, 2ǫ4), T (4β2γ2, 2ǫ4). The pentagon for the
three tilings is the same unique one.
2. f = 60: T (12ǫ5), T (5βγǫ3, 7ǫ5), T (10βγǫ3, 2ǫ5), T (2β2γ2ǫ, 6βγǫ3, 4ǫ5),
T (6β2γ2ǫ, 3βγǫ3, 3ǫ5). The pentagon for the five tilings is the same
unique one.
The condition δ + 2ǫ = 2π is satisfied if δǫ2 is a vertex (and hence the
title of the section). In fact, in the proof of the proposition, whenever we
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say “the angle sum at δǫ2”, we really mean the equality δ + 2ǫ = 2π, and
never imply that δǫ2 appears as a vertex. The catch here is that δǫ2 does not
appear in T (6ǫ4) and T (12ǫ5), and appears only in the other six tilings.
The notation for tilings refers to the numbers of vertices of degree > 3.
The tilings T (6ǫ4) and T (12ǫ5) are pentagonal subdivisions. The exact details
of tilings are given in two stages. First we have two pentagon triples in the
first two of Figure 16. Then the tilings are given by gluing these triples
together as in Figures 18, 19, 20.
We remark that in all the tilings in the proposition, the degree 3 vertices
are exactly α3, βγδ in the two pentagonal subdivisions and α3, βγδ, δǫ2 in the
other six tilings. In particular, γ2ǫ is not a vertex.
The proof is divided into three steps.
Step 1: Determine Angles and AVC
The angle sums at α3, βγδ, δǫ2 (actually δ + 2ǫ = 2π) and the angle sum for
pentagon imply
α = 2
3
π, β + γ = (2
3
+ 8
f
)π, δ = (4
3
− 8
f
)π, ǫ = (1
3
+ 4
f
)π.
By f ≥ 12 and non-symmetry, we get δ > ǫ and f > 12. By Lemma 1, we
get β < γ. By β + γ = 2ǫ, we get β < ǫ < γ.
If δ2 · · · is a vertex, then δ < π. This implies f < 24 and β + γ > π. By
δ > ǫ and the angle sum at δǫ2, the remainder of δ2 · · · has value< ǫ < α, γ, δ.
Therefore the remainder has only β. By the parity lemma, the vertex is βkδ2,
with k > 0 and even. This implies β+ δ ≤ π. Then by the angle sum at βγδ,
we get γ ≥ π, so that γ2 · · · is not a vertex. On the other hand, we know
βkδ2 = β2 · · · is a vertex. Since this contradicts the balance lemma, we find
that δ2 · · · is not a vertex. Then the first part of Lemma 8 holds.
Consider a vertex δ · · · . We know the remainder has no δ. By δ > ǫ and
the angle sum at δǫ2, if the vertex has no ab-angle, then δ · · · = δǫ2. If it has
ab-angle, then by β < γ, the parity lemma, and the angle sum at βγδ, we
have δ · · · = βγδ or β2δ · · · with no γ, δ in the remainder. If the remainder
of β2δ · · · has α, then the remainder of αβ2δ · · · has value < 8
f
π ≤ ǫ < α, γ.
Therefore αβ2δ · · · = αβkδ, where k ≥ 2 and is even by the parity lemma.
If k ≥ 4, then αβkδ = β β · · · , contradicting the first part of Lemma 8.
Therefore αβ2δ · · · = αβ2δ. If the remainder of β2δ · · · has no α, then the
remainder has only β, ǫ. Since k ≥ 4 in βkδǫl again contradicts the first part
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of Lemma 8, the vertex is β2δǫl. By β < γ and the angle sums at βγδ, δǫ2,
we get l = 1. This completes the proof that δ · · · = βγδ, δǫ2, αβ2δ, β2δǫ.
If αβ2δ is a vertex, then the angle sum at the vertex implies
α = 2
3
π, β = 4
f
π, γ = (2
3
+ 4
f
)π, δ = (4
3
− 8
f
)π, ǫ = (1
3
+ 4
f
)π.
The neighborhood of αβ2δ is described by the first of Figure 13. We may
determine P1, P3. Up to symmetry, we may also determine P2. Then P2, P3
share a vertex αγ · · · . Since the remainder of αγ · · · has value (2
3
− 4
f
)π <
α, γ, δ, 2ǫ, we get αγ · · · = αβkγ, αβkγǫ. Then by the first part of Lemma
8 and α + β + γ < 2π, we get αγ · · · = αβγǫ. The vertex αβγǫ shared by
P2, P3 determines P4. Then the vertex αγ · · · shared by P3, P4 is αβγǫ, which
determines P5. Further the vertex αγ · · · shared by P4, P5 is αβγǫ, which
determines P6, and so on. We end up with a sequence that starts from αβ
2δ,
followed by αβγǫ, and connected by b-edges
αβ2δ − αβγǫ− αβγǫ− αβγǫ− · · ·
The sequence is a path in a finite graph. Therefore it must intersect itself, in
the sense that two αβγǫ in the sequence are identified. Note that the identi-
fication also forces the identification of the neighborhood tiles. Therefore the
identification of the m-th and n-th αβγǫ in the sequence implies the identifi-
cation of the (m−1)-st and (n−1)-st αβγǫ in the sequence. Eventually this
leads to the identification of the leading αβ2δ and some subsequent αβγǫ.
Since the two vertices are distinct, we get a contradiction.
β
α
α
β γ
ǫ
β
α
α
β γ
ǫ
β
α
α
β γ
ǫ
δ
β
ǫγ ǫγ
β
1 3 5
2 4 6
12
3 4
5
6
7
α
γ β
δǫ
ǫγ
δ
βα
α
β
α δ
ǫγ
β
δ α
γǫ
α
β ǫ ǫ
Figure 13: {α3, βγδ, δǫ2}: Around αβ2δ (for all f) and αβγǫ (for f = 36).
If β2δǫ is a vertex, then the angle sum at the vertex implies
α = 2
3
π, β = (1
6
+ 2
f
)π, γ = (1
2
+ 6
f
), δ = (4
3
− 8
f
)π, ǫ = (1
3
+ 4
f
)π.
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We have β2δǫ = β β · · · and adjacent angle deduction β β → δα αδ at the
vertex. This gives a vertex α α · · · , with the remainder having value 2
3
π <
β + γ, δ. By the parity lemma, the vertex is α3 or α2βkǫl with k ≥ 2. Since
α2βkǫl contradicts the first part of Lemma 8, we get α α · · · = α3. Since α α
comes from the deduction of β β, the adjacent angle deduction of the vertex
α3 is α α α → βγ γβ βγ . Therefore γ γ · · · is a vertex. If the remainder of
γ γ · · · has α, then by the edge length consideration, the remainder also has
at least two ab-angles. By β < γ and α+2β+2γ > 2π, this is a contradiction.
Therefore the remainder has no α. By estimating the angle sums and the
parity lemma, we find γ γ · · · = β4γ2 · · · , βγ3 · · · , β2γ2 · · · , γ2 · · · , with only
ǫ in the remainders. By the first part of Lemma 8, β4γ2ǫk is not a vertex.
Further estimation on the angle sums of βγ3ǫk, β2γ2ǫk, γ2ǫk shows that all
the possibilities are β2γ2, γ2ǫ for f = 24 and βγ3, β2γ2ǫ, γ2ǫ2 for f = 60. For
f = 24, we have
α = 2
3
π, β = 1
4
π, γ = 3
4
π, δ = π, ǫ = 1
2
π. (4.1)
For f = 60, we have
α = 2
3
π, β = 1
5
π, γ = 3
5
π, δ = 6
5
π, ǫ = 2
5
π. (4.2)
The remaining case is that δ · · · must be either βγδ or δǫ2. This implies
that β2δ · · · , δ2 · · · are not vertices. By Lemma 9, besides βγδ and δǫ2, the
only other vertices are αaβbγbǫe. The angle sum at the vertex gives
2
3
a +
(
1
3
+ 4
f
)
(2b+ e) = 2.
Besides α3, we look for non-negative integer solutions satisfying 3 > a > 0
implying b > 0. We get β2γ2, βγǫ2, ǫ4 for f = 24, β2γ2ǫ, βγǫ3, ǫ5 for f = 60,
and αβγǫ for f = 36. Then we get the respective angles and anglewise vertex
combinations. For f = 24, we have
α = 2
3
π, β + γ = π, δ = π, ǫ = 1
2
π, (4.3)
and
AVC = {α3, βγδ, δǫ2, β2γ2, βγǫ2, ǫ4}.
For f = 60, we have
α = 2
3
π, β + γ = 4
5
π, δ = 6
5
π, ǫ = 2
5
π, (4.4)
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and
AVC = {α3, βγδ, δǫ2, β2γ2ǫ, βγǫ3, ǫ5}.
For f = 36, we have
α = 2
3
π, β + γ = 8
9
π, δ = 10
9
π, ǫ = 4
9
π,
and
AVC = {α3, βγδ, δǫ2, αβγǫ}.
We prove that the case f = 36 has no tiling. We consider tiles around
the vertex αβγǫ in the second of Figure 13. We may first determine P2, P4.
Since δ2 · · · is not a vertex, we get δ1 and then determine P1. By the AVC,
the vertex γδ · · · shared by P1, P2 is βγδ. This gives P5, β5. Then the ver-
tex δǫ · · · shared by P2, P5 is δǫ2. On the other hand, no matter what the
arrangement of P3 is, P2, P3 share another vertex αβγǫ other than the one
we begin with. This vertex gives a tile P6 and α6 (the arrangement of P6
depends on the arrangement of P3). Then P2, P6 share another vertex αβγǫ
other than the one shared by P2, P3, P6. Now we find a tile P7 with two ǫ, a
contradiction.
Step 2: Calculate the Pentagon
In [4, Section 3.1], we see that a pentagon with edge length combination
a2b2c and angles satisfying (notations for angles and edge lengths changed to
become consistent with this paper)
α = 2
3
π, β + γ + δ = 2π, ǫ = 1
2
π
can tile the pentagonal subdivision of regular octahedron. In general, the
pentagonal subdivision allows two free parameters.
For f = 24, we have two cases with angles respectively given by (4.1) and
(4.3). Note that (4.3) is more general than (4.1). Moreover, the reduction of
a2b2c to a3b2 and the equality δ = π in (4.3) are two extra conditions that
should uniquely determine the two parameters and therefore determine the
pentagon.
The pentagonal subdivision divides each regular triangle of angle 1
2
π in
the regular octahedron into three pentagons. The first of Figure 14 describes
one such triangle, and one such pentagon. The condition δ = π implies that
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B,D lie on an edge of the triangle, and actually divides the edge into three
equal parts. We know l = 1
2
π = 3a. Therefore a = 1
6
π. Then
cos2 b− 1
2
sin2 b = cos2 b+ sin2 b cosα = cosBC
= cos a cos 2a+ sin a sin 2a cos ǫ =
√
3
4
.
We get (b ≈ 0.2107π means 0.2107π ≤ b < 0.2108π)
cos b = 3+
√
3
6
, sin b =
√
4−
√
3
6
, b ≈ 0.2107π.
Then by the isosceles triangle △ABD (AB = AD), we get
cos b = cos a cos b+ sin a sin b cos β.
Substituting the sine and cosine of a and b, we get
cos β = − cos γ =
√
3−1√
2(4−
√
3)
, β ≈ 0.3883π.
This implies β 6= 1
4
π, and case (4.1) is not possible. Therefore we only need
to consider (4.3) and the associated AVC.
α
β
γ
δ ǫ
A
B
C
D E
a
b
l
α
β
γ
δ ǫ
A
B
C
D E
a
b
l
Figure 14: Calculation of pentagon in pentagonal subdivision.
For f = 60, the angles in (4.4) are more general than the angles in
(4.2). We may similarly calculate the pentagon using the the reduction of
a2b2c to a3b2 and the equality δ = 6
5
π in (4.4). Again the pentagon tiles
the pentagonal subdivision. This means that three such pentagons fit into
one regular triangle in the regular icosahedron like the second of Figure 14.
The side length l of the triangle in the regular dodecahedron is given by
21
cos l = 1√
5
. The two ends of the length can be reached by three segments of
length a at alternating angles δ, δ. By [1, Lemma 3], we get
cos l = (1− cos δ)2 cos3 a+ sin2 δ cos2 a + (2 cos δ − cos2 δ) cos a− sin2 δ.
Substituting cos l = 1√
5
and δ = 6
5
π, we get a cubic equation for cos a. Among
the three real roots, the only geometrically suitable (i.e., positive) solution is
cos a =
1
2
√
5
(
3−
√
5 +
√
2(3
√
5− 1)
)
, a ≈ 0.1229π.
We may find the other length b by
cos2 b+ sin2 b cosα = cosBC
= cos3 a(1− cos δ)(1− cos ǫ)− cos2 a sin δ sin ǫ
+ cos a(cos δ + cos ǫ− cos δ cos ǫ) + sin δ sin ǫ.
Substituting α = 2
3
π, δ = 6
5
π, ǫ = 2
5
π and the specific value of cos a, we find
cos b =
√
1
3
√
5
(
3
√
5− 4 + 3
√
2(3
√
5− 1)−
√
10(3
√
5− 1)
)
, b ≈ 0.1521π.
Then we may find the exact value of γ by
√
10+2
√
5√
3(5−
√
5)
= cosAE = cos a cos b+ sin a sin b cos γ, γ ≈ 0.5515π.
This implies γ 6= 3
5
π, and (4.2) is not possible. Therefore we only need to
consider (4.4) and the associated AVC.
Step 3: Construct the Tiling
We need to find tilings for (4.3), (4.4) with their associated AVCs. From the
first step of the proof, we also know that the first part of Lemma 8 holds.
We first consider the case there is a 35-tile. Figure 15 describes the
neighborhood of such a tile, with P1 arranged as in Figure 8. We know one
of E34 and E45 is a. Up to the symmetry of horizontal flipping, we may
assume E34 = a. Then the first picture assumes E45 = a and the second
assumes E45 = b.
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Figure 15: {α3, βγδ, δǫ2}: Neighborhood of 35-tile.
By the AVCs, the only degree 3 vertices are α3, βγδ, δǫ2. This can be
used to determine the five degree 3 vertices in the neighborhood. First, we
have V126 = α
3, V123 = V156 = βγδ. This determines P2, P6 and gives δ3, δ5.
Then δ3 determines P3.
In the first of Figure 15, we know V134 = V145 = δǫ
2. This gives δ4, ǫ4, ǫ5
and then determines P4, P5. By the AVC, the vertex γ γ · · · shared by P4, P5
is β2γ2 or β2γ2ǫ. By the edge length consideration, the vertex is configured
as γ γ β β or γ γ β ǫ β . This contradicts the first part of Lemma 8. In
the second of Figure 15, δ5 determines P5. Then V145 = βγδ. This gives γ4
and determines P4. Then we find V134 = ǫ
3, which is not in the AVC.
We conclude there is no 35-tile. By Lemma 3, for f = 24, the tiling is
combinatorially the pentagonal subdivision of octahedron. By Lemma 3 and
the AVC for f = 60, the tiling is combinatorially the pentagonal subdivision
of icosahedron.
Our classification starts from the pentagonal subdivisions of the triangles
in octahedron or icosahedron. By the AVC and up to the symmetry of
rotation and flipping, there are two ways of tiling the subdivision of one
such triangle, given by Figure 16. We use dots to indicate the degree 4 or
5 vertices of the octahedron or icosahedron, and other vertices have degree
3. We also indicate angles outside the triangles if we can determine them.
The dashed lines indicate that they can be either a (solid) or b (thick). If
the dashed line is a, then the two nearby angles are ǫ, ǫ. If the dashed line
is b, then the two nearby angles are β, γ. We also note that the subdivision
introduces an orientation, so that the center of the triangle is connected to
the first point on each edge.
Each vertex V of the octahedron or icosahedron has a neighborhood con-
sisting of 4 or 5 triangles. Each triangle is one of the two types in Figure 16.
If we can arrange them in a compatible way around V , then we get a neigh-
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Figure 16: {α3, βγδ, δǫ2}: Tiling the subdivision of triangle.
borhood tiling N(V ) around V . Here the compatibility means the same edge
type (solid, or 2/3 thick) and all triangles have the same orientation. Figure
17 shows all such neighborhood tilings, in counterclockwise orientation. The
whole tiling is the union of 6 (for octahedron) or 12 (for icosahedron) such
neighborhood tilings in compatible way. We need to make sure that all the
triangles have the same orientation. This means that we only use the sub-
division tilings in Figure 16 and the neighborhood tilings in Figure 17, and
never use their flippings (i.e., their clockwise versions).
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Figure 17: {α3, βγδ, δǫ2}: Neighborhood tiling.
We also remark that N(ǫ4) and N ′(ǫ4) (also N(ǫ5) and N ′(ǫ5)) are ac-
tually the identical tilings divided into four triangles in two different ways.
Moreover, N and N ′ have opposite global orientations in the sense that the
pentagons in the two tilings have opposite orientations. In fact, α → β in a
pentagon is the counterclockwise direction in the first of Figure 16 and is the
clockwise direction in the second. Therefore N is actually obtained from N ′
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by a flipping.
For N(β2γ2), the vertices βγ · · · at the lower right and upper left can
only be the center vertex β2γ2 in N(β2γ2). Continuing the glueing of copies
of N(β2γ2), we get the tiling T (4β2γ2, 2ǫ4) in Figure 18. Here we use the
numbers of vertices of degree > 3 to denote the tiling. The tiling is drawn
like a map of the earth, with four triangles at the north and four triangles at
the south. Each N(β2γ2) is two adjacent timezones. The two poles are ǫ4.
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Figure 18: {α3, βγδ, δǫ2}: Three tilings for f = 24.
Applying the same argument to N(βγǫ2), we get the tiling T (4βγǫ2, 2ǫ4)
in Figure 18. Then we may assume that N(β2γ2) and N(βγǫ2) do not appear,
and work with N(ǫ4) and N ′(ǫ4) only. This implies that N(ǫ4) cannot appear,
and only N ′(ǫ4) remains. Then 6 copies of N ′(ǫ4) form the tiling T (6ǫ4) in
Figure 18, which is actually a pentagonal subdivision of the octahedron. All
triangles in the three tilings have counterclockwise orientation as described
by the third of Figure 16.
Geometrically, the neighborhood tilingN ′(ǫ4) is a hemisphere. The first of
Figure 19 gives a more detailed description of N ′(ǫ4). Since N(ǫ4) is identical
to N ′(ǫ4) except drawn in opposite orientation, we may regard three tilings
for f = 24 as obtained by glueing two copies of N ′(ǫ4) in three ways. The
standard way gives the pentagonal subdivision T (6ǫ4). If we fix one N ′(ǫ4)
and rotate the other N ′(ǫ4) by 40◦, then we get T (4β2γ2, 2ǫ4). If we fix one
N ′(ǫ4) and flip the other N ′(ǫ4) (i.e., becoming N(ǫ4)) and then glue back,
then we get T (4βγǫ2, 2ǫ4).
For f = 60, we note that one N(β2γ2ǫ) must be paired with another
N(β2γ2ǫ), and gives 8 triangles at the center of the two pictures (forming
the central rectangle) in the first row of Figure 20. Then only N(ǫ5) fits the
three triangles at the two vertices ǫ3 · · · at the boundary of the rectangle.
This adds two triangles above the rectangle, and two triangles below the
rectangle. The result is the hexagon in the middle. At the boundary of
the hexagon are four vertices βγǫ · · · . If one of the vertices is β2γ2ǫ, then
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Figure 19: {α3, βγδ, δǫ2}: Geometry of three tilings for f = 24.
we have N(β2γ2ǫ) around the vertex, and it is easy to further derive the
whole tiling T (6β2γ2ǫ, 3βγǫ3, 3ǫ5) in Figure 20. If all four vertices are βγǫ3,
then we have four neighborhood tilings N(βγǫ3) around the vertices, and get
T (2β2γ2ǫ, 6βγǫ3, 4ǫ5) in Figure 20.
Now we may assume that β2γ2ǫ is not a vertex. Then an N(βγǫ3) must
be next to an N(ǫ5). Moreover, since β2γ2ǫ is not a vertex, there should be 5
copies of N(βγǫ3) around N(ǫ5). Then we get a tiling of disk by 15 triangles
in the third and fourth of Figure 20. The boundary of the disk consists
of five vertices ǫ3 · · · . If one of the five is βγǫ3, then we find that all five
should be βγǫ3, and the whole tiling is completed by glueing one N(ǫ5). The
orientation compatible way of glueing N(ǫ5) gives T (10βγǫ3, 2ǫ5) in Figure
20. If none of the five vertices ǫ3 · · · is βγǫ3, then all five are ǫ5, and we get
T (5βγǫ3, 7ǫ5) in Figure 20 by glueing N ′(ǫ5).
It remains to consider the case all vertices are ǫ5. We find all the neigh-
borhood tilings are N ′(ǫ5), and get the pentagonal subdivision T (12ǫ5) in
Figure 20.
All triangles in Figure 20 have counterclockwise orientation as described
by the third of Figure 16. The tilings T (10βγǫ3, 2ǫ5), T (5βγǫ3, 7ǫ5), T (12ǫ5)
are easy to understand. We regard the icosahedron as consisting of northern
neighborhood (5 triangles), southern neighborhood (5 triangles), and equator
(10 triangles). All four tilings have the same equator, consisting of 10 copies
of the first of Figure 16. Then we may use either N(ǫ5) or N ′(ǫ5) to fill the
polar neighborhoods, in the unique orientation compatible way. This gives
three combinations of fillings, and therefore three tilings. Finally, Figure 21
is another way of presenting T (6β2γ2ǫ, 3βγǫ3, 3ǫ5), which clearly shows three
fold symmetry. We also have a two fold symmetry for T (2β2γ2ǫ, 6βγǫ3, 4ǫ5).
26
β γ
ǫ
β
γǫ ǫ
ǫ
ǫ
β
γ
ǫ
β
γ
ǫ
β
γǫ
βγ
ǫ
β
γ ǫǫ
ǫ
ǫ
β
γ
ǫ
β
γ
ǫ
β
γ ǫ
β γ
ǫ
β
γǫ ǫ
ǫ
ǫ
β
γ
ǫ
β
γ
ǫ
β
γǫ
βγ
ǫ
β
γ ǫǫ
ǫ
ǫ
β
γ
ǫ
β
γ
ǫ
β
γ ǫ
β
γ
ǫ
γ
β
ǫ
β
γ
ǫ
γ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
β
β
γ
T (6β2γ2ǫ, 3βγǫ3, 3ǫ5)
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
T (2β2γ2ǫ, 6βγǫ3, 4ǫ5)
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
β
γ
γ
β
T (10βγǫ3, 2ǫ5)
β
γ
ǫǫ
T (5βγǫ3, 7ǫ5)
ǫ
ǫ
ǫǫ
T (12ǫ5)
ǫ
ǫ
ǫ
ǫ ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ ǫ
ǫ
ǫ
β
γ
γ
β
β
γ
ǫǫ
ǫ
ǫ
ǫǫ
ǫǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫǫ
ǫ
ǫ
ǫ
ǫ
ǫ
β
γ
γ
β
β
γ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ ǫ
ǫ
ǫ
ǫ ǫ
ǫ
ǫ ǫ
ǫ
ǫ
ǫ ǫ
ǫ
ǫ ǫ
ǫ
ǫ
ǫ ǫ
βγ
γ β
βγ
ǫ ǫ
ǫǫ
ǫ ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
β
γ
γ
β
β
γ
ǫ
ǫ
ǫ
ǫ
ǫ
ǫ
Figure 20: {α3, βγδ, δǫ2}: Five tilings for f = 60.
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Figure 21: {α3, βγδ, δǫ2}: Another view of T (6β2γ2ǫ, 3βγǫ3, 3ǫ5).
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5 Tiling with Vertices α3, βγδ, δ2ǫ
Proposition 11. Tilings of the sphere by congruent non-symmetric pen-
tagons in Figure 8, such that α3, βγδ are vertices and 2δ + ǫ = 2π, are the
following.
1. f = 24: T (6ǫ4). The pentagon for the tiling is unique.
2. f = 60: T (12ǫ5), T (5βγǫ2, 5δǫ3, 7ǫ5), T (10βγǫ2, 10δǫ3, 2ǫ5),
T (10βγǫ2, 6δǫ3, 4ǫ5), T (15βγǫ2, 3δǫ3, 3ǫ5). The pentagon for the five
tilings is the same unique one.
Similar to Proposition 10, the condition 2δ + ǫ = 2π is satisfied if δǫ2
is a vertex, and “the angle sum at δ2ǫ” in the proof never implies that δ2ǫ
appears as a vertex.
The notation for tilings refers to the numbers of vertices of degree > 3.
The tilings T (6ǫ4) and T (12ǫ5) are pentagonal subdivisions. The key in-
gredient for the other tilings is the extended neigborhood N(ǫ5) in Figure
26. The tiling T (10βγǫ2, 6δǫ3, 4ǫ5) consists of four such neighborhoods (two
are joined along boundary like the second of Figure 26, and two are inter-
twined like Figure 28) and two pentagonal subdivisions of triangle. The
tiling T (15βγǫ2, 3δǫ3, 3ǫ5) consists of three such neighborhoods and five pen-
tagonal subdivisions of triangle, and is described by Figure 27. The tilings
T (5βγǫ2, 5δǫ3, 7ǫ5) and T (10βγǫ2, 10δǫ3, 2ǫ5) have an “equitorial band” con-
sisting of ten pentagonal subdivisions of triangle (second of Figure 29), with
two copies ofN(ǫ5) filing the “north and south poles” in suitable ways (Figure
30).
We remark that β2 · · · and γ2 · · · are not vertices in the tilings in the
proposition.
The proof is also divided into three steps.
Step 1: Determine Angles and AVC
The angle sums at α3, βγδ, δ2ǫ and the angle sum for pentagon imply
α = 2
3
π, β + γ = (7
6
+ 2
f
)π, δ = (5
6
− 2
f
)π, ǫ = (1
3
+ 4
f
)π.
By f ≥ 12 and non-symmetry, we get δ > ǫ and f > 12. By Lemma 1, we
get β < γ. By β + γ = (7
6
+ 2
f
)π, we get γ > ( 7
12
+ 1
f
)π.
28
By the parity lemma, a vertex αγ · · · = αβγ · · · , αγ2 · · · . By β < γ, the
remainders have values ≤ 2π − α − β − γ = (1
6
− 2
f
)π < α, γ, δ, ǫ. Therefore
the remainder has only β. If the remainder is not empty, then β ≤ (1
6
− 2
f
)π,
which implies γ = (7
6
+ 2
f
)π− β ≥ π, and γ2 · · · is not a vertex. This implies
αγ · · · = αβγ · · · , and the remainder has β. Therefore β2 · · · is a vertex,
contradicting the fact that γ2 · · · is not a vertex and the balance lemma.
This proves that remainder is empty, and we get αγ · · · = αβγ, αγ2. Since
the angle sum at αβγ implies f = 12, we get αγ · · · = αγ2. The angle sum
at αγ2 implies
α = γ = 2
3
π, β = (1
2
+ 2
f
)π, δ = (5
6
− 2
f
)π, ǫ = (1
3
+ 4
f
)π.
Moreover, by the adjacent angle deduction γαγ = γ α γ → ǫα (βγ) αǫ ,
we get a vertex αβ · · · . By the parity lemma and αγ · · · = αγ2, we get
αβ · · · = αβ2 · · · . The remainder of αβ2 · · · has value (1
3
− 4
f
)π, which is
strictly smaller than all and is also nonzero. The contradiction proves that
αγ · · · is not a vertex.
Consider a vertex γ2 · · · . Since αγ · · · is not a vertex, the remainder has
no α. By β < γ, β + γ > π, and the parity lemma, the remainder has no
β, γ. The value of the remainder is also < 2π − β − γ = (5
6
− 2
f
)π = δ < 3ǫ.
Therefore γ2 · · · = γ2ǫ, γ2ǫ2.
If γ2ǫ is a vertex, then the angle sum at the vertex implies
α = 2
3
π, β = ǫ = (1
3
+ 4
f
)π, γ = δ = (5
6
− 2
f
)π.
By the balance lemma, β2 · · · is a vertex. If the remainder has α, then the
remainder of αβ2 · · · has value (2
3
− 8
f
)π < α, 2β, γ, δ, 2ǫ, and the value is
nonzero. By the parity lemma, we get αβ2 · · · = αβ2ǫ = β α β ǫ . Then the
adjacent angle deduction β α β → δα (βγ) αδ contradicts the fact that
αγ · · · is not a vertex. This proves that the remainder of β2 · · · has no α.
By β + γ > π and the parity lemma, we get β2 · · · = β3γ · · · , β4 · · · , β2 · · · ,
with no α, β, γ in the remainders. The remainder of β3γ · · · has value (1
6
−
10
f
)π < δ, ǫ, so that the vertex is β3γ. The remainder of β4 · · · has value
(2
3
− 16
f
)π < δ, 2ǫ, so that the vertex is β4, β4ǫ. The remainder of β2 · · · has
value (4
3
− 8
f
)π < 2δ, 4ǫ, δ + 2ǫ, so that the vertex is β2δ, β2δǫ, β2ǫ, β2ǫ2, β2ǫ3.
The angle sum at any of β2δ, β2ǫ implies f = 12, a contradiction. The angle
sum at any of β4, β2ǫ2 implies f = 24 and
α = 2
3
π, β = ǫ = 1
2
π, γ = δ = 3
4
π. (5.1)
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The angle sum at any of β3γ, β4ǫ, β2δǫ, β2ǫ3 implies f = 60 and
α = 2
3
π, β = ǫ = 2
5
π, γ = δ = 4
5
π. (5.2)
If γ2ǫ2 is a vertex, then the angle sum at the vertex implies
α = 2
3
π, β = (1
2
+ 6
f
)π, γ = (2
3
− 4
f
)π, δ = (5
6
− 2
f
)π, ǫ = (1
3
+ 4
f
)π.
Then β < γ implies f > 60. By the balance lemma, β2 · · · is a vertex. The
remainder of β2 · · · has value (1− 12
f
)π < 2α, 2β, 2δ, δ+ ǫ, 3ǫ. By f > 60, the
value is also > α, δ, ǫ. Then by β < γ and the parity lemma, β2 · · · is not a
vertex. By the balance lemma, γ2ǫ2 is not a vertex.
Finally, it remains to consider the case that γ2 · · · is not a vertex. By
the balance lemma, the only vertices involving ab-angles are βγ · · · , with no
ab-angles in the remainder. Since αγ · · · is not a vertex, the remainder of
βγ · · · has no α. Since the remainder has value (5
6
− 2
f
)π = δ and ǫ < δ < 3ǫ,
we conclude that βγδ and βγǫ2 are the only vertices involving ab-angles. By
δ > ǫ and the angle sum at δ2ǫ, the only degree 3 vertex not involving b-edge
is δ2ǫ. Therefore the only degree 3 vertices are α3, βγδ, δ2ǫ.
Suppose the tiling has a 35-tile. Then we get the first of Figure 22, in
which P1 is given. We have V156 = β · · · = βγδ and V134 = ǫ · · · = δ2ǫ. This
implies two δ in P3, a contradiction. We conclude that there is no 3
5-tile. By
Lemma 3, the tiling has a vertex H of degree 4 or 5. Since α3 is a vertex,
and the only vertex involving ab-angle is βγδ or βγǫ2, the only H involving
b-edge is βγǫ2. By δ > ǫ and the angle sum at δ2ǫ, the only H not involving
b-edge are δǫ3, δǫ4, ǫ4, ǫ5.
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Figure 22: {α3, βγδ, δǫ2}: Neighborhood of 35-tile, when γ2 · · · is not a ver-
tex, and δǫ3 =⇒ βγǫ2.
Consider the tiles aroundH = δǫ3, as in the second of Figure 22. Without
loss of generality, we may assume the edges and angles of P1 are given as
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indicated. Then P1, P2 share a vertex γ · · · = βγδ, βγǫ2. Since P2 already
has ǫ at H , we find that P1, P2 share βγδ. This gives δ2 and determines P2.
Now P2, P3 share a vertex γ · · · = βγδ or βγǫ2. Since P3 already has δ at
H , we find that P2, P3 share βγǫ
2. This proves that the appearance of δǫ3
implies the appearance of βγǫ2. By the same argument, the appearance of
δǫ4 also implies the appearance of βγǫ2.
Therefore it is sufficient to assume that one of βγǫ2, ǫ4, ǫ5 is a vertex. If
ǫ4 is a vertex, then we get f = 24 and
α = 2
3
π, β + γ = 5
4
π, δ = 3
4
π, ǫ = 1
2
π. (5.3)
Using the fact that the only vertices involving ab-angles are βγ · · · with no
ab-angle in the remainder, we get
AVC = {α3, βγδ, δ2ǫ, ǫ4}.
If βγǫ2 or ǫ5 is a vertex, then we get f = 60 and
α = 2
3
π, β + γ = 6
5
π, δ = 4
5
π, ǫ = 2
5
π. (5.4)
We can similarly get
AVC = {α3, βγδ, δ2ǫ, βγǫ2, δǫ3, ǫ5}.
Step 2: Calculate the Pentagon
The calculation is the same as the second step of the proof of Proposition
10. We note that (5.3) and (5.4) are more general than (5.1) and (5.2).
Moreover, any pentagon satisfying (5.3) or (5.4) can be the tile of pentagonal
subdivision.
For (5.3), we may use the idea for (4.4) ((4.3) is too special because B
and D exactly trisect the edge l) to get
cos3 a+ (3− 2
√
2) cos2 a + (5− 4
√
2) cos a− 3 + 2
√
2 = 0, a ≈ 0.1973π.
Then we find
cos b =
√
−2
3
cos2 a+
2
3
(
√
2− 1) cos a+ 1, b ≈ 0.1640π,
and
1√
3
= cos a cos b+ sin a sin b cos γ, γ ≈ 0.7051π.
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This implies γ 6= 3
4
π, and (5.1) is not possible. Therefore we only need to
consider (5.3) and the associated AVC.
For (5.4), we note that the sum of δ = 4
5
π in (5.4) and δ = 6
5
π in (4.4) is
2π. This means that the pentagon for (4.4) and the pentagon for (5.4) are
related as in the third of Figure 14. Specifically, we connect the two ends of
l by three edges of equal length a at alternating angles δ, δ (either δ = 4
5
π or
δ = 6
5
π gives essentially the same result). We label the two “turning points”
by B and D. If we connect the center of the regular (dotted) triangle to B
(by thick line), then we get the pentagon for (4.4) (bounded by three solid
lines and two thick lines). If we connect the center of the regular triangle to
D (by dashed line), then we get the pentagon for (5.4) (bounded by three
solid lines and two dashed lines).
We find that a is equal for (4.4) and (5.4). Then for (5.4), we may
similarly find
cos b =
√
1
3
√
10
(
3
√
10− 2
√
2 + 3
√
3
√
5− 1−
√
5(3
√
5− 1)
)
,
b ≈ 0.1054π, γ ≈ 0.7311π.
This implies γ 6= 4
5
π, and (5.2) is not possible. Therefore we only need to
consider (5.4) and the associated AVC.
Step 3: Construct the Tiling
We need to find tilings for (5.3), (5.4) with their associated AVCs. The AVC
says that the only vertex involving ab-angle is βγ · · · , with no ab-angle in the
remainder. This implies that the neighborhood of α3 is given by n(α3) in
Figure 23. Since α · · · is always α3, this means that any one tile determines
three tiles in an n(α3).
For (5.3) and the associated AVC, we consider a vertex ǫ4 as in the sec-
ond of Figure 23. We may assume P1 is arranged as indicated. Then P1
determines one n(α3) consisting of P1, P5, P6. By βγ · · · = βγδ, we get δ2.
Then δ1, ǫ2 determine P2, and further determine another n(α
3). The pro-
cess repeats and gives us an extended neighborhood of ǫ4, consisting of four
n(α3). We also find four vertices ǫ2 · · · = ǫ4 on the boundary of the extended
neighborhood, such as the one shared by P5, P7. The argument can then be
repeated around the four new ǫ4. More repetition of the argument gives the
pentagonal subdivision T (6ǫ4) of the octahedron.
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Figure 23: {α3, βγδ, δ2ǫ}: n(α3), tiling for f = 24, and ǫ ǫ at a vertex.
For (5.4) and the associated AVC, we consider ǫ ǫ at a vertex. Since
γ2 · · · is not a vertex, the adjacent angle deduction is ǫ ǫ → γδ δγ or
ǫ ǫ → γδ γδ . In the second deduction, we have P1, P2 in the third of Figure
23. Then P1, P2 share δ
2 · · · = δ2ǫ. This gives P3, ǫ3. Then P1, P3 share
β · · · = βγδ2, βγǫ. By the edge length consideration, this implies that the
angle of P3 at this shared vertex is an a
2-angle. We also have an a2-angle
of P3 at the similar vertex shared by P2, P3. Then we have three a
2-angles
in P3, a contradiction. This completes the proof that the deduction must be
ǫ ǫ → γδ γδ , given by the fourth of Figure 23.
At βγǫ2, we find two ways of matching two tiles containing β, γ and the
fourth of Figure 23. These are the first and and second of Figure 24. We
label the vertex with the specified neighborhood by βγǫ2[1] and βγǫ2[2], and
indicate them by solid dot and circle.
At δǫ3, we may use the fourth of Figure 23 to determines the three tiles
containing ǫ. Then P1, P2 share a vertex γ · · · = βγδ, βγǫ2. By the edge
length consideration and the known δ2, we get ǫ2. Then δ2, ǫ2 determine P2.
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Figure 24: {α3, βγδ, δ2ǫ}: Neighborhoods of βγǫ2 and δ3ǫ.
Next we tile beyond the neighborhood of βγǫ2[1]. In Figure 25, we start
with a neighborhood of βγǫ2[1] consisting of P1, P2, P4, P5. This determines
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three n(α3). Then P2, P3, P5 share a vertex βγǫ · · · = βγǫ2. The three known
tiles around the vertex implies that this is βγǫ2[1], and determines P6, which
further determines an n(α3).
We find that βγǫ2[1] appear in pairs, and P1, P2, P3, P4, P5, P6 has 180
◦
rotation symmetry. Therefore further development of the tiling has the same
symmetry. Any new tile automatically gives another tile by 180◦ rotation.
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Figure 25: {α3, βγδ, δ2ǫ}: Beyond neighborhood of βγǫ2[1].
The vertex δ2 · · · shared by P3, P6 is δ2ǫ. This gives P11, ǫ11, and implies
that the vertex βγ · · · shared by P6, P10 is βγδ. Then δ11, ǫ11 determine P11,
which further determines one n(α3). The vertices βγǫ · · · shared by P3, P11
and by P10, P11 are βγǫ
2. A close inspection shows they are both βγǫ2[2]. This
determines two more n(α3), including P12. By the 180
◦ rotation symmetry,
we get two βγǫ2[2] at ǫ4 and ǫ7. The one at ǫ7 determines one n(α
3), including
P13. Then P8, P9, P12, P13 share a vertex ǫ
4 · · · = ǫ5. By the 180◦ rotation
symmetry, we actually have another ǫ5.
We see the appearance of one βγǫ2[1] implies a pair of βγǫ2[1] and a pair of
ǫ5. By the unique neighborhood n(α3) of α3, and the fact that β2 · · · , γ2 · · ·
are not vertices, we find that the extended neighborhood (consisting of all
the n(α3) at the vertex) N(ǫ5) of ǫ5 is the first of Figure 26. The pair of
βγǫ2[1] appear along the common boundary of two N(ǫ5), and also bring the
appearance of four βγǫ2[2]. Moreover, the four βγǫ2[2] belong to two n(α3)
outside the two N(ǫ5). See the second of Figure 26.
If two pairs of βγǫ2[1] appear on the boundary of one N(ǫ5), then we
get the first of Figure 27, where N1(ǫ
5) has two pairs of βγǫ2[1], shared with
N2(ǫ
5) and N3(ǫ
5). For the momment, we do not yet know that N2(ǫ
5) and
N3(ǫ
5) touch each other. However, one n(α3) between N1(ǫ
5), N2(ǫ
5) is also
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Figure 26: {α3, βγδ, δ2ǫ}: Two βγǫ2[1] between two N(ǫ5).
the one n(α3) between N1(ǫ
5), N3(ǫ
5). This forces N2(ǫ
5) and N3(ǫ
5) to be
glued together, and we get the first of Figure 27. It turns out N2(ǫ
5) and
N3(ǫ
5) also share a pair of βγǫ2[1].
The first of Figure 27 is a tiling of disk by 3 × 15 + 3 = 48 pentagons.
To further fill the outside, we draw the boundary of the second of Figure 27,
as the inside out of the boundary of the first. We already have three n(α3)
(between pairs from N1(ǫ
5), N2(ǫ
5), N3(ǫ
5)), giving three vertices δǫ2 · · · =
δǫ3. Then the central triangle is filled by one more n(α3). We get a tiling
T (15βγǫ2, 3δǫ3, 3ǫ5) (with 6βγǫ2[1] and 9βγǫ2[2]) by glueing the two of Figure
27 together.
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Figure 27: {α3, βγδ, δ2ǫ}: One N(ǫ5) has two pairs of βγǫ2[1].
Now we may assume no two pairs of βγǫ2[1] on the boundary of one N(ǫ5).
This means that there is no βγǫ2[1] on the top two and bottom two edges of
the second of Figure 26. We draw the boundary of the first of Figure 28, as
the inside out of the second of Figure 26. The assumption is no βγǫ2[1] on the
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top and bottom edges of the rectangle. This implies that the vertices δǫ · · ·
at the upper right and lower left of the rectangle cannot be δ2ǫ. Therefore
they are δǫ3. Then we may determine P2 and the corresponding n(α
3). Since
γ2 · · · is not a vertex, γ1 and ǫ3 determine δ3. Then δ3, ǫ3 determine P3
and further determine one n(α3), including P5. By the symmetry of 180
◦
rotation, we also get P6 as the rotation of P5. The vertex δǫ
2 · · · shared by
P2, P6 is δǫ
3. This gives P7, ǫ7. Then the way we derive P3 from P1 can be
used to derive P7 from P6. This further determines another n(α
3). Using
the 180◦ rotation symmetry, we find the rectangle is filled by six n(α3). It
is also the union of two N(ǫ5), illustrated by the second of Figure 28. We
get a tiling T (10βγǫ2, 6δǫ3, 4ǫ5) (with 2βγǫ2[1] and 8βγǫ2[2]) by glueing the
second of Figure 26 and Figure 28.
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Figure 28: {α3, βγδ, δ2ǫ}: Only one pair of βγǫ2[1] appear.
Next we assume there is no βγǫ2[1]. In the first of Figure 29, we have
a neighborhood of βγǫ2[2] consisting of P1, P2, P4, P5. They determine three
n(α3). If the vertex δǫ · · · shared by P2, P5 is δ2ǫ, then we find the vertex
βγ · · · shared by P2, P9 is βγǫ · · · = βγǫ2[1]. Since we have ruled out βγǫ2[1],
the vertex δǫ · · · shared by P2, P5 must be δǫ3. This determines two more
n(α3). Then we find P3, P9 share a vertex βγǫ · · · , which must be βγǫ2[2]
and further determines one more n(α3). Now we have all the tiles in the first
of Figure 29.
We note that, if we start with the (unique) neighborhood of δǫ3, consisting
of P2, P3, P5, P6, then the vertex γǫ · · · shared by P2, P5 must be βγǫ2[2].
Therefore, under the assumption of no βγǫ2[1], the vertices δǫ3 and βγǫ2[2]
appear in pairs. We also note that, by starting with one such pair (connected
by the edge shared by P2, P5), we derive another βγǫ
2[2] (shared by P3, P9).
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Figure 29: {α3, βγδ, δ2ǫ}: Pairs of δ3ǫ and βγǫ2[2], without βγǫ2[1].
This new βγǫ2[2] is paired with a new δǫ3. The new pair adds ǫ13 to ǫ7ǫ8. We
may repeat the argument to add more ǫ to ǫ7ǫ8ǫ13, until the vertex becomes
ǫ5. What we get is five pairs of δǫ3 and βγǫ2[2] around the boundary of one
N(ǫ5).
The first of Figure 29 show that, beyond this N(ǫ5), we have a ribbon
(actually an annulus) which is five times repetition of the two n(α3) consisting
respectively of P5, P4, P10 and P6, P11, P12. A close inspection shows that the
ribbon can be described as follows. In the second of Figure 29, we draw one
n(α3) as the pentagonal subdivision of a triangle with ǫ at the three corners.
Then the ribbon is obtained by glueing 10 such triangles in the alternating
way.
What we get by completing the tiling of the first of Figure 29 is N(ǫ5)
glued to one side of the ribbon. To see what can be glued to the two sides of
the ribbon, we draw one boundary of the ribbon in Figure 30 as a sequence
of ǫ3, δ, βγ (repeated five times) along the top line. The vertex ǫ3 · · · can be
δǫ3 or ǫ5. If one ǫ3 · · · is δǫ3, then we get the top of Figure 29. We find pairs
of δǫ3 and βγǫ2[2], and get the first of Figure 29. If one ǫ3 · · · is ǫ5, then we
get the bottom of Figure 29. We glue an N(ǫ5) and actually create five ǫ5
along the boundary between the ribbon and N(ǫ5). We also note that the
two N(ǫ5) in the top and bottom of Figure 30 have different orientations.
Now we understand that each side of the ribbon can be completed by
glueing N(ǫ5) in two possible ways. If both are in the bottom way of Figure
30, then we get a tiling T (12ǫ5), which is actually the pentagonal subdivision
of icosahedron. If the two sides of the ribbon are filled in different ways,
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Figure 30: {α3, βγδ, δ2ǫ}: Glueing to one side of ribbon.
then we get a tiling T (5βγǫ2, 5δǫ3, 7ǫ5), which is obtained by reversing the
orientation of one of the twelve N(ǫ5) in the pentagonal subdivision. If both
sides of the ribbon are filled by the top way of Figure 30, then we get a tiling
T (10βγǫ2, 10δǫ3, 2ǫ5), which is obtained by reversing the orientations of an
antipodal pair of N(ǫ5) in the pentagonal subdivision.
6 General Cases
Proposition 12. There is no tiling of the sphere by congruent non-symmetric
pentagons in Figure 8, such that α3, β2δ, γ2ǫ are vertices.
Proof. The angle sums at α3, β2δ, γ2ǫ and the angle sum for pentagon imply
α = 2
3
π, β + γ = (5
3
− 4
f
)π, δ + ǫ = (2
3
+ 8
f
)π.
Due to the symmetry of exchanging β ↔ γ and δ ↔ ǫ, by Lemma 1, we may
assume β < γ and δ > ǫ.
By the parity lemma, β < γ, and β2δ being a vertex, we know γδ · · · is
not a vertex.
By the edge length consideration, a vertex γ γ · · · is αγ2 · · · , or the re-
mainder has at least two ab-angles. This contradicts β < γ, α+ β + γ > 2π,
and β + γ > 2π. Therefore γ γ · · · is not a vertex.
The adjacent angle deduction at α3 = α α α shows that β γ · · · is a
vertex. Since β < γ and β2δ is a vertex, the remainder of βγ · · · has no δ.
If the remainder has ab-angles, then by the parity lemma and β < γ, we get
3β+γ ≤ 2π. Compared with the angle sum at β2δ, we get δ ≥ β+γ > δ+ǫ, a
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contradiction. By the edge length consideration, we then get β γ · · · = βγǫk.
Since β < γ and γ2ǫ is a vertex, we get k ≥ 2. Therefore we have β ǫ ǫ at
βγǫk. Then the adjacent angle deduction of β ǫ ǫ contradicts the fact that
γδ · · · and γ γ · · · are not vertices.
Proposition 13. There is no tiling of the sphere by congruent non-symmetric
pentagons in Figure 8, such that α3, β2δ, δ2ǫ are vertices.
Proof. The angle sums at α3, δ2ǫ imply α = 2
3
π, δ < π. Then the angle sum
at β2δ implies 1
2
π < β < π. Moreover, the angle sums at α3, β2δ, δ2ǫ and the
angle sum for pentagon imply γ = (5
6
+ 4
f
)π − 3
4
ǫ. By Lemma 1, we need to
consider two cases: β < γ, δ > ǫ, and β > γ, δ < ǫ.
Case. β < γ and δ > ǫ.
By γ > β > 1
2
π and the parity lemma, there are at most two ab-angles at
a vertex. By γ > β, the parity lemma, and β2δ being a vertex, γδ · · · is not
a vertex.
The adjacent angle deduction β β → δα αδ at β2δ gives a vertex α2 · · · .
The remainder of α2 · · · has value α < 2β. By γ > β and the parity lemma,
the remainder of α2 · · · has no β, γ. Then by the angle length consideration,
we get α2 · · · = α3. Moreover, since α3 comes from the adjacent angle deduc-
tion of β β , the adjacent angle deduction of α3 also gives vertices β γ · · ·
and γ γ · · · (see Figure 11). Since there are at most two ab-angles at a vertex,
the remainders of β γ · · · and γ γ · · · have no β, γ. This implies the remain-
der has no α. Then by β < γ and β2δ being a vertex, we get β γ · · · = βγǫk
and γ γ · · · = γ2ǫl, with 1 ≤ l < k.
If k = 2, then l = 1. The angle sums at α3, β2δ, δ2ǫ, βγǫ2, γ2ǫ and the
angle sum for pentagon imply f = 84
5
, a contradiction. (Another way to
show l 6= 1 is using Proposition 12.) Therefore k ≥ 3, and we have ǫ ǫ ǫ
at βγǫk. Since γδ · · · is not a vertex, we have adjacent angle deduction
ǫ ǫ ǫ → δγ γδ δγ . Therefore γ γ · · · is a vertex. Since there are at most
two ab-angles at a vertex, and α2 · · · = α3, by the edge length consideration,
we have γ γ · · · = αγ2. Then the angle sums at α3, αγ2, β2δ, δ2ǫ and the angle
sum for pentagon imply
α = γ = 2
3
π, β = (5
9
+ 4
3f
)π, δ = (8
9
− 8
3f
)π, ǫ = (2
9
+ 16
3f
)π.
By ǫ < 2
3
π < 3ǫ, we have γ2ǫl = γ2ǫ2. The angle sum at γ2ǫ2 further implies
ǫ = 1
3
π, f = 48, β = 7
12
π. Since β + γ + kǫ = 2π has no non-negative integer
solution for k, we get a contradiction.
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Case. β > γ and δ < ǫ.
The angle sums at β2δ, δ2ǫ imply 2β = δ+ǫ. Then δ < ǫ implies δ < β < ǫ,
and the angle sum at β2δ further implies β > 2
3
π. By δ < ǫ and the angle
sum at δ2ǫ, we get δ < 2
3
π = α < ǫ.
Consider ǫ2 · · · . Since δ2ǫ is a vertex and δ < ǫ, the value of the remainder
of ǫ2 · · · is < δ < α, β, ǫ. By the parity lemma, this implies ǫ2 · · · = γkǫ2 for
some even k ≥ 2. Since this contradicts γ+ǫ = (5
6
+ 4
f
)π+ 1
4
ǫ > 5
6
π+ 1
4
· 2
3
π = π,
we know that ǫ2 · · · is not a vertex. By adjacent angle deduction γ γ →
αǫ ǫα , this further implies that γ γ · · · is not a vertex.
Since β2δ is a vertex, the remainder of β β · · · has value δ < α, β, ǫ. By
the edge length consideration, we get β β · · · = β2γk for some even k ≥ 2.
Since this vertex is γ γ · · · , which we know cannot be a vertex, we conclude
that β β · · · is not a vertex.
Since β β · · · and ǫ2 · · · are not vertices, we have adjacent angle deduction
δ δ → βǫ βǫ at δ2ǫ. Therefore β ǫ · · · is a vertex. Since β2δ is a vertex,
and β > γ and δ < ǫ, by the parity lemma, the vertex is βγǫ · · · . By the
angle sum for pentagon, we have β + γ + δ + ǫ = (3+ 4
f
)π −α = (7
3
+ 4
f
)π >
2π. this implies that the remainder of βγǫ · · · is < δ < α, β, ǫ. If the
remainder is not empty, then the remainder consists of copies of γ, and we
have β ǫ · · · = βγkǫ for some odd k ≥ 3. Since this vertex must be γ γ · · · , we
get a contradiction. Therefore β ǫ · · · = βγǫ. Now α3, βγǫ, δ2ǫ are vertices,
and we may apply Proposition 10 (after exchanging β ↔ γ and δ ↔ ǫ). By
the remark after the earlier proposition, β2δ should not be a vertex. We
therefore get a contradiction.
Proposition 14. There is no tiling of the sphere by congruent non-symmetric
pentagons in Figure 8, such that α3, β2δ, δǫ2 are vertices and f ≥ 24.
Proof. The angle sums at α3, β2δ, δǫ2 and the angle sum for pentagon imply
α = 2
3
π, β = ǫ, γ = (1
3
+ 4
f
)π, δ + 2ǫ = 2π.
By f ≥ 24, we have γ ≤ 1
2
π.
Suppose γ > β = ǫ < δ. Since β2δ is a vertex, by the parity lemma,
γδ · · · is not a vertex. By ǫ = β < 1
2
π and δǫ2 being a vertex, we get δ > π.
Therefore δ2 · · · is not a vertex. Since δǫ2 is a vertex, the remainder of δǫ · · ·
has value ǫ = β < γ < α, δ. By the edge length consideration, we get
δǫ · · · = δǫ2. This verifies the conditions in Lemma 8, and all the conclusions
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of the lemma can be applied. The adjacent angle deduction of α3 = α α α
gives a vertex β γ · · · . By Lemma 8, we have β γ · · · = δ β γ · · · . Since
β < γ and β2δ is a vertex, this is a contradiction.
Since it is impossible to have γ > β = ǫ < δ, by Lemma 1, we have
γ < β = ǫ > δ. Then by δǫ2 being a vertex, we have ǫ > α > δ. We
also have 2γ > α. By β = ǫ and δǫ2 being a vertex, the remainders of
β2 · · · , ǫ2 · · · , βǫ · · · have the same value δ < α, β, 2γ, ǫ. Then by the parity
lemma, we have β2 · · · = β2δ, ǫ2 · · · = δǫ2, βǫ · · · = βγǫ.
If βǫ · · · = βγǫ is a vertex, then by δǫ2 being a vertex, we may apply
Proposition 11 (after exchanging β ↔ γ and δ ↔ ǫ). As noted after the
statement of Proposition 11, β2 · · · should not be a vertex, contradicting to
our assumption that β2δ is a vertex. Therefore βǫ · · · is not a vertex.
Since βǫ · · · is not a vertex, the adjacent angle deduction shows that
there is no consecutive γδγ. Moreover, no vertex βǫ · · · implies adjacent
angle deductions
γδδ = γ δ δ → αǫ ǫβ βǫ , δδδ = δ δ δ → βǫ ǫβ βǫ .
This gives a vertex β β · · · . Since β2 · · · = β2δ = β β · · · , this is a contradic-
tion. Therefore there is no consecutive γδγ, γδδ, δδδ.
Since δǫ2 is a vertex, δ < ǫ, and there is no consecutive δδδ, we know a
vertex without b-edge is δǫ2.
Consider a vertex β γ · · · . If the remainder has α, then by the edge length
consideration, the remainder contains at least two ab-angles. By β > γ and
α + 4γ > 2π, we get a contradiction. Therefore the remainder has no α.
By β2 · · · = β2δ and βǫ · · · not being a vertex, the remainder has no β, ǫ.
By β + 5γ > 6γ > 2π and the parity lemma, we get β γ · · · = βγδk, βγ3δk.
Since β2δ is a vertex and β > γ, we have k > 1 in βγδk, contradicting the
earlier conclusion of no consecutive γδδ, δδδ at a vertex. Therefore βγ3δk is
a vertex. If k ≥ 1 in βγ3δk, then by comparing with the angle sum at β2δ,
we get β = 3γ + (k − 1)δ > π, contradicting the fact that β2δ is a vertex.
Therefore β γ · · · = βγ3.
By the adjacent angle deduction of α3, we find β γ · · · = βγ3 is a vertex.
The angle sum at the vertex implies
α = 2
3
π, β = ǫ = (1− 12
f
)π, γ = (1
3
+ 4
f
)π, δ = 24
f
π.
We already know β2 · · · = β2δ and β γ · · · = βγ3. The only remaining
possibility for a vertex β · · · is αβγ · · · . The remainder of αβγ · · · has value
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8
f
, which is nonzero and strictly less than all the angles. We conclude that
β · · · = βγ3, β2δ.
Consider a vertex γ · · · with no β in the remainder. By the inequalities
between angles and the parity lemma, the vertex is αγ2 · · · , γ4 · · · , γ2 · · · ,
with only δ or ǫ in the remainder. The remainder of αγ2 · · · has value (2
3
− 8
f
)π,
which is nonzero and < ǫ. By no consecutive γδγ, γδδ, we find αγ2 · · · is not
a vertex. By the same reason, γ4 · · · must be γ4. This implies f = 24 and
β = γ, a contradiction. By no consecutive γδγ, γδδ, and angle estimations,
we have γ2 · · · = γ2δǫ, γ2δ2ǫ.
All the discussion leads to
AVC = {α3, β2δ, δǫ2, βγ3, γ2δkǫ (k = 1, 2)}.
If γ2δkǫ is not a vertex, then f
2
− 6 = v4 is the number of βγ3. By counting
the number of γ in the whole tiling, we get f = 3
(
f
2
− 6). This implies
f = 36, a contradiction to γ < β = ǫ > δ. Therefore γ2δkǫ must be a vertex.
We have γ2δkǫ = γ γ · · · , as in Figure 31. At the other end of the b-edge
shared by two γ is α3. The other two b-edges branching out from α3 end
with β β and β γ. By the AVC, we have β γ · · · = βγ3 = β γ γ γ . Then we
get new γ γ added to β γ. The other end of the b-edge shared by two new γ
is a new α3, and the argument continues. We end up with a sequence that
starts from γ2δkǫ
δkǫ][γ2 − α3 − βγ][γ2 − α3 − βγ][γ2 − α3 − βγ][γ2 − · · ·
Here φ][ψ means a vertex with angle combinations φ, ψ on two sides, sepa-
rated by two a-edges. The sequence is a path in a finite graph. Therefore it
must intersect itself, in the sense that two α3 are identified or two βγ][γ2 are
identified. Note that the identification also forces the identification of the
neighborhood tiles. Therefore the identification of the m-th and n-th α3 in
the sequence implies the identification of the (m−1)-st and (n−1)-st βγ][γ2
in the sequence. Similarly, the identification of the m-th and n-th βγ][γ2 in
the sequence implies the identification of the (m− 1)-st and (n− 1)-st α3 in
the sequence. Eventually this leads to the identification of the first and the n-
th α3 in the sequence, and then the identification of δkǫ][γ2 and the (n−1)-st
βγ][γ2. Since the two vertices are distinct, we get a contradiction.
Proposition 15. There is no tiling of the sphere by congruent non-symmetric
pentagons in Figure 8, such that α3, β2δ, βγǫ are vertices and f ≥ 24.
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Figure 31: Proposition 14, γ < β = ǫ > δ.
Proof. The angle sums at α3, β2δ, βγǫ and the angle sum for pentagon imply
α = 2
3
π, β = (5
6
− 2
f
)π, δ = (1
3
+ 4
f
)π, γ + ǫ = (7
6
+ 2
f
)π.
We have β > α = 2
3
π < 2δ.
By β2δ being a vertex and the balance lemma, γ2 · · · is a vertex. Since
β2δ, βγǫ are vertices, if β < γ, then the remainder of γ2 · · · has value < δ, ǫ.
By γ > β > α = 2
3
π, the remainder is also < α, β, γ. This contradicts the
requirement that γ2 · · · is a vertex. Therefore we must have β > γ. By
Lemma 1, this implies δ < ǫ.
Since βγǫ is a vertex, the remainder of βǫ · · · has value γ < β. By the
parity lemma, this implies βǫ · · · = βγǫ.
Consider a vertex α2 · · · other than α3. Since the remainder of α2 · · · has
value α < β, by the edge length consideration, the vertex is α2γ2 · · · . This
implies γ ≤ 1
3
π. Then ǫ ≥ (5
6
+ 2
f
)π, and the remainder of α2γ2 · · · has value
< α < β, ǫ. Therefore the remainder has only γ, δ, which implies consecutive
γδ · · · δγ at the vertex. By the first part of Lemma 8 (after exchanging β ↔ γ
and δ ↔ ǫ), ǫ2 · · · must be a vertex. The value of the remainder of ǫ2 · · · is
≤ (1
3
− 4
f
)π < α, β, δ, ǫ. By γ + ǫ > π, the remainder is also < 2γ. By the
parity lemma, we get a contradiction. This proves that α2 · · · must be α3.
The adjacent angle deduction β2δ = β β δ → δα αδ βǫ gives vertices
α α · · · , βδ · · · , δǫ · · · . We know α α · · · = α3. Moreover, since α α · · · comes
from the adjacent angle deduction of β β, the adjacent angle deduction of
this α3 gives vertices β γ · · · and γ γ · · · (see Figure 11).
We divide further discussion into two cases: ǫ > 2
3
π and ǫ ≤ 2
3
π.
Case. ǫ > 2
3
π.
The remainder of ǫ2 · · · has value < 2
3
π < α, β, 2δ, ǫ. By γ + ǫ > π and
the parity lemma, we get ǫ2 · · · = δǫ2. By Proposition 14 and f ≥ 24, there
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is no tiling with vertices α3, β2δ, δǫ2. Therefore ǫ2 · · · is not a vertex. By the
first part of Lemma 8 (after exchanging β ↔ γ and δ ↔ ǫ), this implies that
there is no consecutive γδ · · · δγ at a vertex.
Recall that δǫ · · · is a vertex. If the vertex has no ab-angles, then it has
no α by the edge length consideration. Since ǫ2 · · · is not a vertex, we get
δǫ · · · = δkǫ. By ǫ > 2
3
π and δ > 1
3
π, we get k = 2 or 3. By Proposition 13,
there is no tiling with vertices α3, β2δ, δ2ǫ. Therefore k = 3, and the angle
sum at δ3ǫ implies
α = 2
3
π, β = (5
6
− 2
f
)π, γ = (1
6
+ 14
f
)π, δ = (1
3
+ 4
f
)π, ǫ = (1− 12
f
)π.
Since β2δ is a vertex, and ǫ2 · · · is not a vertex, by Lemma 9 (after
exchanging β ↔ γ and δ ↔ ǫ), γ2ǫ · · · is a vertex. The remainder of γ2ǫ · · ·
has value (2
3
− 16
f
)π < α < β, 2δ, ǫ. Therefore the vertex is γ2ǫ · · · or γ2δǫ · · · ,
with the remainder having only γ. Since there is no consecutive γδ · · · δγ
at a vertex, the remainder cannot have γ. Therefore γ2ǫ · · · = γ2ǫ, γ2δǫ.
By Proposition 12, there is no tiling with vertices α3, β2δ, γ2ǫ. Therefore
γ2ǫ · · · = γ2δǫ. The angle sum at the vertex implies f = 60 and
α = 2
3
π, β = ǫ = 4
5
π, γ = δ = 2
5
π.
After exchanging β ↔ γ and δ ↔ ǫ, this is the pentagon with angles (5.2).
The proof of Proposition 11 shows that such pentagon does not exist.
We conclude that δǫ · · · must have ab-angle. By β > γ, γ+ ǫ = β+ δ > π
and the parity lemma, we have δǫ · · · = γ2δǫ · · · . By (γ + ǫ) + δ = (3
2
+ 6
f
)π,
the value of the remainder of γ2δǫ · · · is < (1
2
− 6
f
)π < α < β, 2δ, ǫ. Therefore
δǫ · · · = γ2δǫ · · · , γ2δ2ǫ · · · , with the remainders having only γ. Since there
is no consecutive γδ · · · δγ at a vertex, the remainder has no γ. Therefore
δǫ · · · = γ2δǫ, γ2δ2ǫ.
The adjacent angle deduction β2δ = β δ β → αδ γǫ δα gives a vertex
ǫ δ · · · = γ2δǫ, γ2δ2ǫ. Including the edge length information, the vertex is
one of the following: γ ǫ δ γ , γ ǫ δ δ γ , γ δ ǫ δ γ . Moreover, we know the
adjacent angle deduction of the underlying part is ǫ δ → γδ βǫ . Therefore
we get the adjacent angle deduction at ǫ δ · · ·
ǫ δ δ γ → αǫ γδ βǫ ǫα ,
γ ǫ δ δ γ → αǫ γδ βǫ (βǫ) ǫα ,
γ δ ǫ δ γ → αǫ (βǫ) γδ βǫ ǫα .
In all the cases, we get a vertex ǫ2 · · · , a contradiction.
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Case. ǫ ≤ 2
3
π.
We have γ = (7
6
+ 2
f
)π − ǫ ≥ (1
2
+ 2
f
)π.
Consider γ2ǫ · · · . By β > γ and βγǫ being a vertex, the value of the
remainder is nonzero. By γ + ǫ > π, the remainder has no ǫ. By 2γ + ǫ =
γ + (γ + ǫ) ≥ (1
2
+ 2
f
)π + (7
6
+ 2
f
)π ≥ (5
3
+ 4
f
)π, the value of the remainder is
≤ (1
3
− 4
f
)π < α, β, γ, δ. This proves that γ2ǫ · · · is not a vertex.
Recall that γ γ · · · is a vertex. By β > γ > 1
2
π and the parity lemma,
the remainder has no β, γ. By the edge length consideration, the remainder
has no α. Since γ2ǫ · · · is not a vertex, the remainder has no ǫ. Therefore
γ γ · · · = γ2δk. By γ > 1
2
π, δ > 1
3
π, and β2δ being a vertex, we get k = 2.
Then the angle sum at γ2δ2 implies
α = 2
3
π, β = (5
6
− 2
f
)π, δ = (1
3
+ 4
f
)π, γ = (2
3
− 4
f
)π, ǫ = (1
2
+ 6
f
)π.
Since β2δ is a vertex and γ2ǫ · · · is not a vertex, by Lemmas 9, we know
ǫ2 · · · is a vertex. By β > γ, γ+ ǫ > π, and the parity lemma, the remainder
of ǫ2 · · · has no β, γ. Then by the edge length consideration, the remainder
has no α. By δ > 1
3
π and ǫ > 1
2
π, we get ǫ2 · · · = δǫ2, ǫ3, δ2ǫ2, δǫ3. This
respectively implies f = 24, 60, 36, 132 and the following angles.
1. f = 24: α = 2
3
π, β = 3
4
π, γ = 1
2
π, δ = 1
2
π, ǫ = 3
4
π.
2. f = 36: α = 2
3
π, β = 7
9
π, γ = 5
9
π, δ = 4
9
π, ǫ = 2
3
π.
3. f = 60: α = 2
3
π, β = 4
5
π, γ = 3
5
π, δ = 2
5
π, ǫ = 3
5
π.
4. f = 132: α = 2
3
π, β = 9
11
π, γ = 7
11
π, δ = 4
11
π, ǫ = 6
11
π.
The specific angle values allow us to determine whether certain combinations
can be vertices.
Since the case f = 24 has vertex δǫ2, by Proposition 14, the case admits
no tiling.
For the case f = 36, we consider the three tiles around β2δ, which are
given by P1, P2, P3 in the first of Figure 32, without loss of generality. Then
P2, P3 share βδ · · · = β2δ. This determines a tile P4, and P1, P2, P3, P4 has
antipodal symmetry. Then P1, P3 share α
2 · · · = α3. This gives P5 outside
P1, P3, and α5. Then P3, P4 share δǫ · · · = δ3ǫ. This gives P6, P7, δ6, δ7. If the
angles of P6 are not arranged as indicated, then P3, P6 share β γ · · · = αβγ,
so that P5 has two α. The contradiction determines P6. If the angles of
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P7 are not arranged as indicated, then P6, P7 share β β · · · , which cannot
be a vertex. The contradiction determines P7. By the antipodal symmetry,
we also determine P8, P9. Then P1, P9 share βǫ · · · = βγǫ. On the other
hand, P1, P5 share γ
2 · · · = γ2δ2. Then we find γ, δ adjacent in a tile, a
contradiction.
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Figure 32: Proposition 15.
The case f = 132 is derived from the assumption that δǫ3 is a vertex.
In the second of Figure 32, we consider the four tiles P1, P2, P3, P4 around
δǫ3, and we may assume P1 is arranged as indicated. By the values of the
angles, we have α · · · = α3, and we cannot have four ab-angles at a vertex. By
the edge length consideration, this implies that two ab-angles cannot share
a-edge at a vertex. Then P1, P2 cannot share β γ · · · . This determines γ2, δ2
and therefore P2. By the same reason, we may successively determine P3, P4.
By P1, P2 sharing βδ · · · = β2δ and P1, P4 sharing γǫ · · · = βγǫ, we determine
P5, P6. By P2, P5 sharing βδ · · · = β2δ and P1, P6 sharing γδ · · · = γ2δ2, we
determine P7, P8, and we also have P9, δ9. By P5, P8 sharing βγ · · · = βγǫ, we
have P10, ǫ10. By P5, P7 sharing δǫ · · · = δǫ3 or δ4ǫ, and we already have ǫ10,
we find this vertex is actually δ4ǫ. This implies δ10, and together with ǫ10, this
determines P10. Then P8, P10 share γδ · · · = γ2δ2. This gives P11, δ11. Note
that we know ǫ8, δ9, δ11. If the angles of P11 are not arranged as indicated,
then P8, P11 share βǫ · · · = βγǫ. This implies γ and δ are adjacent in P9. The
contradiction determines P11. By the same reason, we determine P9. Then
P8, P9, P11 share ǫ
3 · · · = δǫ3. This gives P12, δ12. Then we find that β γ · · ·
is shared by either P9, P12, or by P11, P12. Since we already argued that two
ab-angles cannot share a-edge at a vertex, this is a contradiction.
It remains to deal with the case f = 60. It turns out that a tiling
is combinatorially possible, in which all α3, β2δ, βγǫ, γ2δ2, δ2ǫ2, δ5 appear as
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vertices. We will eliminate the case by using the spherical trigonometry to
show that the pentagon with edge combination a3b2 and prescribed angles
does not exist.
We note that, by
α = 2
3
π, β + γ + ǫ = 2π, δ = 2
5
π,
the pentagon would tile a pentagonal subdivision of regular icosahedron.
Therefore we may apply the idea for calculationing (4.4) and (5.4). We
notice that δ and ǫ are exchanged (and therefore β and γ are also exchanged)
compared with the earlier calculations. We get
cos3 a+ (5− 2
√
5) cos2 a + (13− 6
√
5) cos a− 4
5
√
5 + 1 = 0.
The cubic equation has only one real root cos a ≈ 0.9023, which implies
a ≈ 0.1418π. Then we get β ≈ 0.8100π 6= 4
5
π, which implies that the case
f = 60 is not possible.
Proposition 16. There is no tiling of the sphere by congruent non-symmetric
pentagons in Figure 8, such that αβγ, δǫ2 are vertices, and there is a vertex
of degree 4 or 5.
By Lemma 3, if there is no 35-tile, then there is a vertex of degree 4 or 5.
Proof. The angle sums at αβγ, δǫ2 and the angle sum for pentagon imply
α + β + γ = 2π, δ = 8
f
π, ǫ = (1− 4
f
)π.
By f ≥ 12, we get δ < 2
3
π < ǫ. By Lemma 1, we get β > γ.
If α2γ2 · · · is a vertex, then the angle sum at the vertex implies α+γ ≤ π.
By the angle sum at αβγ, we get β ≥ π. Therefore β2 · · · is not a vertex.
Then α2γ2 · · · violates the balance lemma. This proves that α2γ2 · · · is not
a vertex.
Since β > γ, αβγ is a vertex, and α2γ2 · · · is not a vertex, by the par-
ity lemma, a vertex α · · · must be αβγ, αk, or αγ2 · · · with no α, β in the
remainder. Let p, q, r be the respective number of αβγ, αk, αγ2 · · · in the
tiling. Then the total number of α in the tiling is f = p + kq + r. We also
know that the total number of γ is f ≥ p+ 2r. Therefore kq ≥ r.
If q = 0, then r = 0, and α · · · must be αβγ. This implies p = f . Since
the number of β and γ at αβγ is already p = f , and their total number
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is also f , we conclude that any β · · · or γ · · · must be αβγ. By Lemma
3, there is a tile with four degree 3 vertices, such as P2 in Figure 33. By
β · · · = γ · · · = αβγ, we determine P1, P3. Then P1, P2 share δǫ · · · and
P2, P3 also share δǫ · · · . One such vertex has degree 3, and we may assume it
is the one shared by P1, P2. Then we have a tile outside P1, P2. The tile has
three vertices ǫ · · · that cannot involve α, β, γ. Then we have three a2-angles
δ or ǫ in the tile, a contradiction.
α
βγ
δǫ
α
βγ
δǫ
α
βγ
δǫ
α α
1 2 3
Figure 33: {αβγ, δǫ2}: Cannot have α · · · = αβγ.
We completed the proof that q > 0. This means αk is a vertex for
some k ≥ 3, which implies α ≤ 2
3
π. Then the angle sum at αβγ implies
β + γ ≥ 4
3
π > π. Moreover, by β > γ, ǫ > 2
3
π ≥ α, the angle sum at αβγ,
and the parity lemma, βǫ · · · is not a vertex.
Consider a vertex αγ2 · · · . Since α2γ2 · · · is not a vertex, the remainder
has no α. Since αβγ is a vertex, the remainder has no β. If the remainder has
γ, then by the parity lemma, αγ4 · · · is a vertex. Compared with the angle
sum at αβγ, we get β ≥ 3γ. Then 4
3
π ≤ β + γ ≤ β + 1
3
β = 4
3
β. This implies
β ≥ π. Then β2 · · · is not a vertex, and αγ4 · · · violates the balance lemma.
Therefore the remainder of αγ2 · · · has only δ, ǫ. Applying the balance lemma
to αγ2 · · · , we know β2 · · · is a vertex. This implies β < π. By the angle
sum at αβγ, the remainder of αγ2 · · · has value < β < π. By δ + ǫ > π and
δ < ǫ, the remainder is either δk or one ǫ.
Consider a vertex β2 · · · . By β > γ and the angle sum at αβγ, the
remainder has no α. By β > γ, β + γ > π and the parity lemma, the
remainder has no β, γ. Since βǫ · · · is not a vertex, the remainder has no ǫ.
Therefore β2 · · · = β2δk = β β · · · . This implies β β · · · is not a vertex.
By adjacent angle deduction δ δ δ → (βǫ) (βǫ) (βǫ) , consecutive δδδ at
a vertex implies either β β · · · or β ǫ · · · is a vertex. Since both are impossible,
there is no consecutive δδδ at a vertex. This implies k ≤ 2 in β2δk, so that
β2 · · · = β2δ, β2δ2.
Consider a vertex βγ · · · 6= αβγ. The remainder has no α. By β + γ > π
and the parity lemma, if the remainder has ab-angle, then βγ · · · = βγ3 · · · ,
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and the remainder of βγ3 · · · has no β. This implies β + 3γ ≤ 2π = α +
β + γ. Then 2γ ≤ α, γ + α ≤ 3
2
α ≤ π, and β = 2π − α − γ ≥ π. This
implies that β2 · · · is not a vertex. Then βγ3 · · · violates the balance lemma.
Therefore the remainder of βγ · · · has no β, γ. Since βǫ · · · is not a vertex,
the remainder has no ǫ. We conclude that βγ · · · = βγδk. By no three
consecutive δδδ, we get k ≤ 2. By the adjacent angle deduction βγδ2 =
β δ δ γ → αδ (βǫ) (βǫ) ǫα , either β β · · · or β ǫ · · · is a vertex. Since
both are impossible, we get βγ · · · = βγδ. By β > γ, this implies that
β2 · · · = β2δ, β2δ2 is not a vertex. By the balance lemma, this implies that
the only vertices involving ab-angles are αβγ and βγδ.
The proposition assumes the existence of a vertex H of degree 4 or 5. If H
involves no b-edge, then by δǫ2 being a vertex and δ < ǫ, we get H = δ3ǫ, δ4ǫ.
This contradicts no consecutive δδδ at H . Therefore H must involve b-edge.
Recall that, if there is a vertex βγ · · · 6= αβγ, then the only vertices
involving ab-angles are αβγ and βγδ. Since H has degree 4 or 5, and must
involve b-edge, we get H = α4, α5. The angle sums at αβγ, βγδ and H imply
8
f
π = δ = α = 1
2
π or 2
5
π, contradicting f ≥ 24. The contradiction implies
βγ · · · = αβγ.
Recall that αk is a vertex. There are k tiles around the vertex. Since
βγ · · · = αβγ = β γ · · · , the adjacent angle deduction at αk must be
α α α · · · → βγ γβ βγ · · · .
Since the deduction is circular, and the number of β β in the deduction is
the same as the number of γ γ, we find that k is even. In particular, we have
k ≥ 4, which implies α ≤ 1
2
π.
Since βγ · · · = αβγ, αk is a vertex, and the total numbers of α, β, γ are
all f , there must be vertices other than βγ · · · that also involve ab-angle. By
the balance lemma, this implies that β2 · · · = β2δ or β2δ2 is a vertex, and
γ2 · · · is also a vertex. We may use the angle sum at β2 · · · to deduce
β2δ is a vertex : α + γ = (1 + 4
f
)π, β = (1− 4
f
)π, δ = 8
f
π, ǫ = (1− 4
f
)π;
β2δ2 is a vertex : α + γ = (1 + 8
f
)π, β = (1− 8
f
)π, δ = 8
f
π, ǫ = (1− 4
f
)π.
By α ≤ 1
2
π, we get γ > (1
2
+ 4
f
)π.
We know γ2 · · · is a vertex. Since α2γ2 · · · is not a vertex, the remainder
has at most one α. By γ > (1
2
+ 4
f
)π, the remainder of γ2 · · · has value <
(1− 8
f
)π < 2γ, ǫ. By β > γ and the parity lemma, we get γ2 · · · = αγ2δk, γ2δk.
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By β > γ and the angle sum at αβγ, we get k ≥ 1. Then the adjacent angle
deduction at αγ2δk or γ2δk shows that either β β · · · or β ǫ · · · is a vertex.
Since both are impossible, we get a contradiction.
Proposition 17. There is no tiling of the sphere by congruent non-symmetric
pentagons in Figure 8, such that αβ2 is a vertex, and δ3 or δ2ǫ is also a vertex.
Proof. We have adjacent angle deduction αβ2 = β α β → δα βγ αδ .
Therefore α γ · · · is a vertex. By the parity lemma, the vertex is αγ2 · · ·
or αβγ · · · . By comparing the angle sum with αβ2, we get β > γ. By
Lemma 1, this implies δ < ǫ. Since δ3 or δ2ǫ is a vertex, we get δ ≤ 2
3
π < ǫ
and δ + ǫ > 4
3
π.
By [4, Lemma 8] and the edge length consideration, γ must appear at
one of the following vertices: βγδ, βγǫ, γ2δ, γ2ǫ, βγ3, γ4. Since all are of the
form β γ · · · or γ γ · · · , by adjacent angle deductions β γ → δα αǫ and
γ γ → ǫα αǫ , we get a vertex α α · · · . By the edge length consideration
and αβ2 being a vertex, the vertex α α · · · is αk, α2βγ · · · , α2γ2 · · · , with no
β in the remainders.
Consider ǫ2 · · · . Since either δ3 or δ2ǫ is a vertex, by δ < ǫ, the remainder
of ǫ2 · · · has no δ, ǫ. By the parity lemma, the vertex has two ab-angles. Then
by β > γ, the angle sum at the vertex implies γ + ǫ ≤ π. By δ ≤ 2
3
π and the
angle sum for pentagon, we get
α + β = (3 + 4
f
)π − (γ + ǫ)− δ ≥ (4
3
+ 4
f
)π.
Comparing with the angle sum at αβ2, we get β ≤ (2
3
− 4
f
)π and α ≥ (2
3
+ 8
f
)π.
Recall that one of αk, α2βγ · · · , α2γ2 · · · is a vertex. By 3α > 2π, either
α2βγ · · · or α2γ2 · · · is a vertex. By β > γ, this implies α + γ ≤ π and
further implies γ ≤ π − α ≤ (1
3
− 8
f
)π. We also note that ǫ2 · · · being a
vertex implies ǫ < π. By the upper bound estimations on β, γ, ǫ and δ < ǫ,
all βγδ, βγǫ, γ2δ, γ2ǫ, βγ3, γ4 have angle sums < 2π and therefore cannot be
vertices. The contradiction proves that ǫ2 · · · is not a vertex.
Both βγ3 and γ4 are γ γ · · · . By adjacent angle deduction γ γ →
αǫ ǫα and ǫ2 · · · not being a vertex, both cannot be vertices. Therefore γ
must appear at one of the following vertices: βγδ, βγǫ, γ2δ, γ2ǫ. By β > γ
and δ < ǫ, this implies β + γ + ǫ ≥ 2π.
Now we separately consider δ3 or δ2ǫ is a vertex.
Case. αβ2, δ3 are vertices.
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By adjacent angle deduction δ3 = δ δ δ → (βǫ) (βǫ) (βǫ) , we know
βǫ · · · is a vertex. By the parity lemma and β > γ, the angle sum at the
vertex implies β + γ + ǫ ≤ 2π. Since we already proved β + γ + ǫ ≥ 2π,
we get βǫ · · · = βγǫ. The angle sums at αβ2, δ3, βγǫ and the angle sum for
pentagon imply
α = (1
3
+ 4
f
)π, β = (5
6
+ 2
f
)π, δ = 2
3
π, γ + ǫ = (7
6
+ 2
f
)π.
Consider δ2 · · · . The remainder of δ2 · · · has value δ < β, ǫ, and therefore
has no β, ǫ. This implies that, if the remainder has γ, then we have con-
secutive γδ · · · δγ at the vertex. Since ǫ2 · · · is not a vertex, this contradicts
the first part of Lemma 8 (after exchanging β ↔ γ and δ ↔ ǫ). Therefore
the remainder of δ2 · · · has no γ. Then by the edge length consideration, we
conclude δ2 · · · = δ3.
In Figure 34, we have tiles P1, P2 at a vertex αβ
2. The edges and angles
of the tiles must be arranged as in the picture. Then the two tiles share a
vertex δ2 · · · , which we know must be δ3. This gives P3, δ3. Then we find
that either P1, P3 share ǫ
2 · · · or P2, P3 share ǫ2 · · · . Since ǫ2 · · · is not a
vertex, we get a contradiction.
α
βδ
γ
ǫ
α
βδ
γ
ǫ
αδ
1
2
3
Figure 34: Proposition 17.
Case. αβ2, δ2ǫ are vertices.
The angle sums at αβ2, δ2ǫ and the angle sum for pentagon imply
α + 2γ + ǫ = 2(α+ β + γ + δ + ǫ)− (α + 2β)− (2δ + ǫ) =
(
2 + 8
f
)
π.
Since αβ2 is a vertex and ǫ2 · · · is not a vertex, by Lemma 9, γ2ǫ · · · is
a vertex. By α + 2γ + ǫ > 2π, the remainder of γ2ǫ · · · has no α. By
β + γ + ǫ ≥ 2π, the remainder has no β. Since δ2ǫ is a vertex, the remainder
has at most one δ. Since ǫ2 · · · is not a vertex, the remainder has no ǫ.
Therefore the vertex is γ2ǫ · · · or γ2δǫ · · · , with the remainder having only
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γ. By the edge length consideration, if any remainder has γ, then we have
consecutive γ γ or γ δ γ at the vertex. Then adjacent angle deduction
implies that ǫ2 · · · is a vertex, a contradiction. Therefore γ2ǫ · · · = γ2ǫ, γ2δǫ.
Suppose γ2ǫ · · · = γ2ǫ. Then the angle sums at αβ2, γ2ǫ, δ2ǫ and the angle
sum for pentagon imply
α = 8
f
π, β = (1− 4
f
)π, γ = δ = π − 1
2
ǫ.
By the parity lemma, β > γ = δ, and γ2ǫ, δ2ǫ being vertices, we know βǫ · · ·
is not a vertex, and γǫ · · · = γ2ǫ, and δǫ · · · = δ2ǫ. Since ǫ2 · · · and βǫ · · ·
are not vertices, and δǫ · · · = δ2ǫ, we may apply the third part of Lemma
8 (after exchanging β ↔ γ and δ ↔ ǫ) to get γ · · · = γ ǫ · · · . Combined
with γǫ · · · = γ2ǫ, we get γ · · · = γ2ǫ. This contradicts the fact that αγ · · ·
must be a vertex, which we proved at the very beginning. We conclude that
γ2ǫ · · · = γ2δǫ is a vertex.
Since ǫ2 · · · is not a vertex, we have adjacent angle deduction γ δ →
αǫ βǫ at γ2δǫ. Therefore βǫ · · · is a vertex. By the parity lemma, β > γ
and β+γ+ǫ ≥ 2π, we get βǫ · · · = βγǫ. The angle sums at αβ2, δ2ǫ, γ2δǫ, βγǫ
and the angle sum for pentagon imply
α = (1
2
+ 6
f
)π, β = (3
4
− 3
f
)π, γ = (1
4
− 1
f
)π, δ = (1
2
− 2
f
)π, ǫ = (1 + 4
f
)π.
Recall that one of αk, α2βγ · · · , α2γ2 · · · is a vertex. The angle sum im-
plies that α2βγ · · · is not a vertex. The remainder of α2γ2 · · · has value
(1
2
− 10
f
)π < α, β, δ, ǫ. Moreover, the value is strictly between γ and 2γ.
Therefore α2γ2 · · · is not a vertex, and αk must be a vertex. By 4α > 2π,
we get αk = α3. This implies f = 36 and
α = 2
3
π, β = 2
3
π, γ = 2
9
π, δ = 4
9
π, ǫ = 10
9
π.
The specific angles and the edge length consideration imply α2 · · · = α3,
β2 · · · = αβ2, and β β · · · is not a vertex.
We have adjacent angle deduction γ γ → ǫα αǫ at γ2δǫ. This gives a
vertex α2 · · · = α3. The adjacent angle deduction from γ γ also implies that
the adjacent angle deduction at this α3 gives a vertex β β · · · (see Figure 11),
a contradiction.
Proposition 18. There is no tiling of the sphere by congruent non-symmetric
pentagons in Figure 8, such that βγδ, δǫ2 are vertices, there is a vertex
α α α · · · of degree 4 or 5, and f ≥ 24.
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Proof. The angle sums at βγδ, δǫ2 and the angle sum for pentagon imply
α + ǫ = (1 + 4
f
)π and β + γ = 2ǫ.
By the edge length consideration, the vertex H = α α α · · · of degree 4
or 5 is α4, α5, α3β2, α3γ2, α3βγ. By 2α + β + γ = 2α + 2ǫ > 2π, we have
H 6= α3βγ.
Case. H = α4.
The angle sums at βγδ, δǫ2, α4 and the angle sum for pentagon imply
α = 1
2
π, β + γ = (1 + 8
f
)π, δ = (1− 8
f
)π, ǫ = (1
2
+ 4
f
)π.
By f ≥ 24 and non-symmetry, we have δ > ǫ. By Lemma 1, we have β < γ.
By β + γ = 2ǫ, we also have β < ǫ < γ.
Since δ > ǫ and δǫ2 is a vertex, the value of the remainder of δ2 · · · is
< ǫ < γ, δ. By the parity lemma, we get δ2 · · · = β2δ2 · · · . This implies
β ≤ π − δ = 8
f
π and γ = (1 + 8
f
)π − β ≥ π. Therefore γ2 · · · is not a vertex,
and β2δ2 · · · contradicts the balance lemma. This proves that δ2 · · · is not a
vertex. By the first part of Lemma 8, there is no consecutive βǫ · · · ǫβ at a
vertex.
By α < 2π − (β + γ) = δ < 2α < β + γ, the remainder of β γ · · · is
not αk. By the edge length consideration, the remainder has at least two
ab-angles. In fact, by β < γ and the estimation of the remainder, we have
β γ · · · = β3γ · · · , with no γ, δ in the remainder. This implies consecutive
βǫ · · · ǫβ at the vertex, a contradiction. Therefore β γ · · · is not a vertex.
Consider a vertex γ γ · · · . By β < γ, β + γ > π, and the parity lemma,
the remainder has no β, γ. By the edge length consideration, the vertex is
αkγ2. By α + γ > α + ǫ > π, we get k = 1. By Proposition 17 (after
exchanging β ↔ γ and δ ↔ ǫ), there is no tiling with vertices αγ2, δǫ2. This
proves that γ γ · · · is not a vertex.
Since γ γ · · · and β γ · · · are not vertices, the adjacent angle deduction of
δǫ2 is ǫ δ ǫ → γδ βǫ γδ . This gives a vertex γǫ · · · . By the parity lemma,
we have γǫ · · · = βγǫ · · · , γ2ǫ · · · . By β < γ, the values of the remainders are
≤ 2π− (β + γ)− ǫ = (1
2
− 12
f
)π < α < ǫ < γ, δ. Therefore γǫ · · · = βkγǫ, γ2ǫ.
If βkγǫ is a vertex, then by comparing the angle sum with βγδ, δ > ǫ,
and the parity lemma, we have k ≥ 3. This implies consecutive βǫ · · · ǫβ at
the vertex, a contradiction.
If γ2ǫ is a vertex, then the angle sum at the vertex implies β = (1
4
+ 10
f
)π
and γ = (3
4
− 2
f
)π. Since γ2ǫ is a vertex and δ2 · · · is not a vertex, by Lemma
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9, β2δ · · · is a vertex. By comparing the angle sum with the vertex βγδ, the
remainder of β2δ · · · is not empty. On the other hand, the remainder has
value (1
2
− 12
f
)π < α < ǫ < δ, 2β. By β < γ and the parity lemma, we get a
contradiction.
Case. H = α5.
Then the angle sums at βγδ, δǫ2, α5 and the angle sum for pentagon imply
α = 2
5
π, β + γ = (6
5
+ 8
f
)π, δ = (4
5
− 8
f
)π, ǫ = (3
5
+ 4
f
)π.
Consider a vertex β γ · · · . By α < 2π − (β + γ) = δ < 2α < β + γ, the
remainder is not αk. By the edge length consideration, the remainder has at
least two ab-angles. In fact, by the estimation of the remainder, if β > γ,
then β γ · · · = βγ3 · · · with no β, δ in the remainder. By the balance lemma,
this implies that β2 · · · is a vertex. By β+3γ ≤ 2π and β+γ = (6
5
+ 8
f
)π, we
get β ≥ (4
5
+ 12
f
)π and γ ≤ (2
5
− 4
f
)π. Therefore the value of the remainder of
β2 · · · is ≤ (2
5
− 24
f
)π < α, β, δ, ǫ. By the parity lemma, the vertex is β2γ2 · · · ,
contradicting β + γ > π. Similarly, if β < γ, then β γ · · · = β3γ · · · with no
γ, δ in the remainder. The same argument also leads to contradiction. This
proves that β γ · · · is not a vertex.
If β > γ, then by Lemma 1, we have δ < ǫ. Since β γ · · · is not a
vertex, the adjacent angle deduction of δǫ2 is ǫ δ ǫ → (δγ) ǫβ δγ . This
gives a vertex β δ · · · . Since βγδ is a vertex, by β > γ and the parity
lemma, we have β δ · · · = βγδ. Since β δ comes from the deduction of δ ǫ,
the adjacent angle deduction of βγδ is β δ γ → αδ ǫβ ǫα . This gives a
vertex β ǫ · · · . By the parity lemma and β > γ, the angle sum of the vertex
is ≥ β + γ + ǫ > β + γ + δ = 2π, a contradiction. This proves β < γ. By
Lemma 1, we have δ > ǫ, which further implies f > 60. By β + γ = 2ǫ, we
also have β < ǫ < γ.
The rest of the argument is the same as the case H = α4. By the same
reason, we have δ2 · · · = β2δ2 · · · . This implies β + δ ≤ π. By the angle sum
at βγδ, we get γ ≥ π. Then the same contradiction to the balance lemma
proves that δ2 · · · is not a vertex.
We already proved that β γ · · · is not a vertex. The same reason proves
that γ γ · · · is not a vertex. Then we find that the adjacent angle deduction of
δǫ2 gives a vertex γǫ · · · = βγǫ · · · , γ2ǫ · · · , with the values of the remainders
≤ 2π−(β+γ)−ǫ = (1
5
− 12
f
)π < α < ǫ < γ, δ. This implies γǫ · · · = βkγǫ, γ2ǫ.
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If βkγǫ is a vertex, then the same reason proves k ≥ 3, and leads to the
same contradiction.
If γ2ǫ is a vertex, then the angle sum implies β = (1
2
+ 10
f
)π and γ =
( 7
10
− 2
f
)π. The same reason proves that β2δ · · · is a vertex. The remainder
has value (1
5
− 12
f
)π, which is strictly smaller than all angles. Moreover, the
value is nonzero by f > 60. We get a contradiction.
Case. H = α3β2.
Suppose H = α3β2. By 2α + β + γ = 2α + 2ǫ > 2π = 3α + 2β, we get
γ > α + β and α+ 2γ > 3α + 2β = 2π. Therefore αγ2 is not a vertex.
If αβγ is a vertex, then the angle sums at βγδ, δǫ2, αβγ, α3β2 and the
angle sum for pentagon implies
α = δ = 8
f
π, β = (1− 12
f
)π, γ = (1 + 4
f
)π, ǫ = (1− 16
f
)π.
This implies γ2 · · · is not a vertex. Then the vertex H = α3β2 contradicts
the balance lemma.
The vertex H = α3β2 implies α3, αβ2 are not vertices. Therefore α does
not appear at degree 3 vertices. By [4, Lemma 8], one of α3θ, α4, α5 is a
vertex, with θ at being b2-angle. By the edge length consideration, α3θ is
not a vertex. Moreover, we already proved the case α4 or α5 is a vertex.
Case. H = α3γ2.
The argument is the same as the case H = α3β2, by switching β and γ
(but not switching δ and ǫ).
7 Classification of Tiling
The starting point of our classification of edge-to-edge tilings of the sphere by
congruent pentagons of edge combination a3b2 is the partial neighborhood of
a special 35-, 344- or 345-tile. The dot vertex in Figure 35 is the fifth vertex
H of degree 3, 4 or 5. Up to the symmetry of horizontal flipping, there are
three ways of arranging the b-edges of the center tile P1. We also assume
the angles α, β, δ, ǫ, γ of P1 are given by Figure 8, in the counterclockwise
direction. We label the three cases as Cases 1, 2, 3.
Now we assign edge lengths to the partial neighborhoods, so that the
edges of each tile is the same as Figure 8. There are total of 11 possible
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1 2 3
1
2
3
4
5
6
Figure 35: Partial neighborhood of special tile.
assignments, given by Figure 36. The dotted edges mean that the lengths
are yet to be determined.
1.1 1.2 1.3 1.4
2.1 2.2 2.3 2.4
3.1 3.2 3.3
Figure 36: Edge congruent tiling of partial neighborhood.
The classification will first consider the symmetric case, then the case
with 35-tile, and then the general case.
7.1 Tiling by Symmetric Pentagons
Proposition 19. An edge-to-edge tiling of the sphere by congruent symmet-
ric pentagons of edge combination a3b2, a 6= b, is the reduction of pentagonal
subdivision.
Proof. The symmetric pentagon has angles α, β, β, δ, δ (β = γ and δ = ǫ).
Moreover, the angles are determined by the bounding edges, and therefore
we know all the angles in the edge congruent tilings in Figure 36. Moreover,
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for f = 12, the proposition follows from [1, 3]. Therefore we assume f > 12
in the subsequent discussion.
We have vertices αβ2, δ3 in Cases 1.3, 1.4, 2.4, 3.3. We also have vertices
α3, β2δ, δ3 in Cases 2.1, 2.2, 2.3, 3.1. The angle sums at these vertices and
the angle sum for pentagon always imply f = 12.
We have vertices β2δ, δ3 in Cases 1.1, 1.2. The angle sums at the vertices
and the angle sum for pentagon imply
α = (1
3
+ 4
f
)π, β = δ = 2
3
π.
In Case 1.1, we have a vertex β β · · · . Since the remainder has value 2
3
π =
β = δ, and is strictly between α and 2α for f > 12, by the edge length
consideration, the vertex should not exist. In Case 1.2, by the edge length
consideration, the fifth vertex H = α3, α4, α5, α3β2. By α + β > π, we have
H 6= α3β2. If H = α3, then the angle sums at β2δ, δ3, α3 and the angle sum
for pentagon imply f = 12.
For Case 3.2, since β2δ is a vertex, by the edge length consideration, we
have H = δ2 · · · = δ3, δ4, δ5. If H = δ3, then the angle sums at α3, β2δ, δ3
and the angle sum for pentagon imply f = 12.
In summary, we have four remaining cases to consider: Case 1.2, H = α4
or α5, and Case 3.2, H = δ4 or δ5. This implies that H cannot have degree
3. In other words, there is no 35-tile.
For Case 1.2, H = α4, the angle sum at β2δ, δ3, α4 and the angle sum for
pentagon imply
α = 1
2
π, β = δ = 2
3
π, f = 24.
The exact values and the edge length consideration give AVC= {β2δ, δ3, α4}.
The first of Figure 37 shows part of the neighborhood of a vertex α4 consisting
of P1, P2, P3. Since there is no 3
5-tile, by the second part of Lemma 3, every
tile is a 344-tile. Therefore all the vertices of P1, P2, P3 except α
4 have degree
3. This gives P4, P5, P6 as indicated.
We may determine the edges and angles of P1, P2, P3. By the AVC, we
know P1, P2 share β
2 · · · = β2δ, and P2, P3 also share β2 · · · = β2δ. This gives
one δ in each of P4, P6. Up to the symmetry of α
4 (horizontal flipping) and
using this δ in P4, we may assume that P4 is arranged as indicated. This
determines P5. Then P2, P5 share δ
2 · · · = δ3, which gives another δ in P6.
The two δ in P6 determine P6.
We see that we may derive P6 from P4. The process may continue with P6
as the new P4. Eventually we get all the “second layer” of tiles P4, P5, P6, . . .
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around α4 (the “first layer” is P1, P2, P3, . . . ). Moreover, we find α
2 · · · = α4
shared by P4, P5, and the other similar α
4 shared between tiles in the second
layer. Then our argument around the initial α4 may be repeated at these
new α4, and more repetition leads to the pentagonal subdivision of the cube
(and octahedron).
For Case 1.2, H = α5, the angle sums at β2δ, δ3, α5 and the angle sum
for pentagon imply
α = 2
5
π, β = δ = 2
3
π, f = 60.
Then we get AVC={β2δ, δ3, α5} similar to the case H = α4. This implies
that there is no vertex of degree 4. Combined with the assumption of no 35-
tiling and by the second part of Lemma 3, every tile is a 345-tile. Note that
the proof for the case H = α4 only used three consecutive α at H . Therefore
the proof is still valid for H = α5. The same argument implies that the tiling
is the pentagonal subdivision of the dodecahedron (and icosahedron).
12
3
45
6
12
3
45
6
α β
β δ
δ
α
β
β
δ
δ
αβ
βδ
δ
α β
β
δ
δ
αβ
β
δδ
α
β
β
δ
δ
δ δ
β β
α
δ
δ
β
β
α
δδ
ββ
α
δ β
δ
β
α
δδ
β
αβ
α
β
δ
δ
β
Figure 37: Tiling by congruent symmetric pentagons.
Now we turn to Case 3.2, H = δ4. The angle sums at β2δ, δ3, α5 and the
angle sum for pentagon imply
α = 2
3
π, β = 3
4
π, δ = 1
2
π, f = 24.
The exact values and the edge length consideration give AVC={α3, β2δ, δ4}.
The second of Figure 37 shows part of the neighborhood of a vertex δ4 con-
sisting of P1, P2, P3. Similar to Case 1.2, we have tiles P4, P5, P6 as indicated.
Without loss of generality, we may assume the edges of P1 are given as
indicated. Then the angles of P1 are determined. By the AVC, we have
V124 = β · · · = β2δ. This gives β4, δ2 and further determines P2, P4. The
way P1 determines P2, P4 can be repeated on P2, and gives P6, P3. Then
P2, P4, P6 determine P5. The process continues and gives the “second layer”
58
around δ4. Moreover, we find δ2 · · · = δ4 shared by P4, P5, and the other sim-
ilar δ4 shared between tiles in the second layer. Then our argument around
the initial δ4 may be repeated at these new δ4, and more repetition leads to
the pentagonal subdivision of the cube (and octahedron).
For Case 3.2, H = δ5, we have
α = 2
3
π, β = 4
5
π, δ = 2
5
π, f = 60.
The same argument for H = δ4 can be used to prove that the tiling is the
tiling is the pentagonal subdivision of the dodecahedron (and icosahedron),
similar to that the argument for Case 1.2, H = α4 can be applied to Case
1.2, H = α5.
7.2 Tiling with 35-tile
After Proposition 19, we will assume the pentagon is not symmetric. In
particular, the five angles are distinguished by their values and bounding
edges.
Proposition 20. There is no edge-to-edge tiling of the sphere by congruent
non-symmetric pentagons of edge combination a3b2, a 6= b, such that f > 12
and there is a 35-tile.
Unlike 344- and 345-tiles, the neighborhood of a 35-tile has (combinato-
rial) rotation symmetry. Therefore we only need to consider Case 1 for the
proposition. Then by the edge length consideration, we only need to consider
Cases 1.1, 1.2, 1.3. Since we need to study these cases for 344- and 345-tiles
anyway, we first tile the partial neighborhood for the three cases, and then
specialize to 35-tile.
Figure 38 describes Cases 1.1, 1.2, 1.3, with the angles of P1 given by Fig-
ure 8. In all the pictures, we have all the b2-angle α as indicated. Moreover,
in Cases 1.1 and 1.3, we may use Lemma 5 to determine P4. Then we have
A3,14 = A5,14.
In the first of Figure 38, we have a2-angle A3,14 = A5,14 = θ, and both
V123 = γθ · · · , V156 = βθ · · · are degree 3 vertices with only one b-edge and
the same a2-angle θ. By Lemma 4 and angle adjacency inside tiles, there are
two possibilities
• Case 1.1.1: V123 = V156 = βγδ, V134 = V145 = δǫ2.
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• Case 1.1.2: V123 = V156 = βγǫ, V134 = V145 = δ2ǫ.
In both cases, we may determine all the tiles. Case 1.1.1 is the first of Figure
38. Case 1.1.2 is obtained from Case 1.1.1 by exchanging β ↔ γ and δ ↔ ǫ
in P3, P5.
In the second of Figure 38, V123 = γ · · · , V156 = β · · · , V134 = ǫ · · · are all
degree 3 vertices with only one b-edge. By Lemma 4, we have V134 = βγǫ
or γ2ǫ. Then we start from V134 and successively consider V134, V123, V156,
under the constraint of Lemma 4 and angle adjacency inside tiles. We get
the following possibilities.
• Case 1.2.1: V134 = V123 = βγǫ, V156 = βγǫ, V145 = δ3.
• Case 1.2.2: V134 = V123 = βγǫ, V156 = β2δ, V145 = δ2ǫ.
• Case 1.2.3: V134 = V123 = γ2ǫ, V156 = βγδ, V145 = δǫ2.
• Case 1.2.4: V134 = V123 = γ2ǫ, V156 = β2δ, V145 = δǫ2.
In all four cases, we may determine all the tiles. Case 1.2.1 and 1.2.4 are
respectively the second of the third of Figure 38.
In the fourth of Figure 38, if A3,14 = A5,14 = δ, then V123 = αβγ and
V156 = αβ
2. By comparing the angle sums at the two vertices, we get β = γ,
a contradiction. If A3,14 = A5,14 = ǫ, we get the same contradiction. This
proves there is no (non-symmetric) tiling for Case 1.3, no matter there is a
35-tile or not.
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Figure 38: Cases 1.1, 1.2, 1.3.
Proof of Proposition 20. We only need to consider degH = 3 in Cases 1.1
and 1.2. Then α3 is a vertex, and all six subcases are impossible for various
reasons.
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Case 1.1.1: α3, βγδ, δǫ2 are vertices. Proposition 10 gives all the tilings,
and none has 35-tile.
Case 1.1.2: α3, βγǫ, δ2ǫ are vertices. Proposition 10 (after exchanging
β ↔ γ and δ ↔ ǫ) gives all the tilings, and none has 35-tile.
Case 1.2.1: α3, βγǫ, δ3 are vertices. The angle sums at the three vertices
and the angle sum for pentagon imply f = 12.
Case 1.2.2: α3, β2δ, δ2ǫ are vertices. There is no tiling by Proposition 13.
Cases 1.2.3 and 1.2.4: α3, γ2ǫ, δǫ2 are vertices. There is no tiling by
Proposition 13 (after exchanging β ↔ γ and δ ↔ ǫ).
7.3 Tiling without 35-tile
After Propositions 19 and 20, we concentrate on edge-to-edge tilings of the
sphere by congruent non-symmetric pentagons, and without 35-tile. In par-
ticular, all the Propositions 10 through 18 are valid. We will use Proposition
n′ to denote the use of Proposition n after exchanging β ↔ γ and δ ↔ ǫ.
We already argued that Case 1.3 admits no tiling. Then Proposition 18’
can be applied to show that Cases 1.1.1, 1.1.2, 1.2.2, 1.2.3 admit no tiling.
It remains to study Cases 1.2.1, 1.2.4, under the assumption of no 35-tiles.
Next to P1 in Cases 1.4, 2.4, 3.3, we have another tile as in the first of
Figure 39. The two tiles share two edges of degree 3. Then we find two
possibilities for θ and ρ. The first is θ = β and ρ = δ. Then αβ2 is a vertex,
and δ2 · · · = δ3 or δ2ǫ is a vertex. By Proposition 17, there is no tiling. The
first is θ = γ and ρ = ǫ. Then αβγ is a vertex, and δǫ · · · = δ2ǫ or δǫ2 is a
vertex. By Propositions 16’ and 16, there is no tiling.
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Figure 39: Two degree 3 vertices of P1, and Case 3.2.
For Case 2.1, we first determine P3 by Lemma 5. Then we successively
consider the possibilities for V145 = β · · · and V134 = δǫ · · · , under the con-
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straint of Lemma 4 and angle adjacency inside tiles. We get the following
list, together the applicable propositions that either give the tilings or show
that there is no tiling.
• V156 = α3, V145 = β2δ, V134 = δǫ2. Proposition 14.
• V156 = α3, V145 = β2ǫ, V134 = δ2ǫ. Proposition 14’.
• V156 = α3, V145 = βγδ, V134 = δǫ2. Proposition 10.
• V156 = α3, V145 = βγǫ, V134 = δ2ǫ. Proposition 10’.
For Case 2.2, we successively consider the possibilities for V123 = ǫ · · · ,
V145 = β · · · , V134 = δ · · · , and get the following.
• V156 = α3, V123 = βγǫ, V145 = βγǫ, V134 = δ3. f = 12.
• V156 = α3, V123 = βγǫ, V145 = βγǫ, V134 = δ2ǫ. Proposition 10’.
• V156 = α3, V123 = βγǫ, V145 = β2δ. Proposition 15.
• V156 = α3, V123 = γ2ǫ, V145 = βγδ. Proposition 15’.
• V156 = α3, V123 = γ2ǫ, V145 = β2δ. Proposition 12.
For Case 2.3, we successively consider the possibilities for V134 = δ · · · ,
V145 = β · · · , V123 = ǫ · · · . We find V134 = V145 and get the following.
• V156 = α3, V134 = V145 = βγδ, V123 = δǫ2. Proposition 10.
• V156 = α3, V134 = V145 = βγδ, V123 = ǫ3. f = 12.
• V156 = α3, V134 = V145 = β2δ, V123 = δ2ǫ. Proposition 13.
• V156 = α3, V134 = V145 = β2δ, V123 = δǫ2. Proposition 14.
For Case 3.1, we successively consider the possibilities for V134 = β · · · ,
V123 = δ · · · , V156 = γ · · · , and get the following.
• V145 = α3, V134 = βγδ, V123 = δ2ǫ. Proposition 11.
• V145 = α3, V134 = βγδ, V123 = δǫ2. Proposition 10.
• V145 = α3, V134 = β2δ, V123 = δ3, V156 = βγǫ. Proposition 15.
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• V145 = α3, V134 = β2δ, V123 = δ3, V156 = γ2ǫ. Proposition 12.
• V145 = α3, V134 = β2δ, V123 = δ2ǫ. Proposition 13.
For Case 3.2, we successively consider the possibilities for V123 = δ · · · ,
V134 = β · · · , V156 = γ · · · . We find V123 = V134 and get the following.
• V145 = α3, V123 = V134 = βγδ, V156 = βγδ.
• V145 = α3, V123 = V134 = βγδ, V156 = γ2ǫ. Proposition 15’.
• V145 = α3, V123 = V134 = β2δ, V156 = βγǫ. Proposition 15.
• V145 = α3, V123 = V134 = β2δ, V156 = γ2ǫ. Proposition 12.
The Case 3.2, V123 = V134 = V156 = βγδ is the second of Figure 39, and
requires further study (P7, P8, P9 will be constructed in the further study).
Besides this, the only other remaining cases to be studied are Cases 1.2.1
and 1.2.4, described by the second and third of Figure 38.
Case 1.2.1
The partial neighborhood tiling in the second of Figure 38 has vertices βγǫ, δ3,
and we have H = α3 · · · = α4, α5, α3β2, α3γ2, α3βγ.
Suppose H = α3γ2. Then the angle sums at βγǫ, δ3, α3γ2 and the angle
sum for pentagon imply
α = (1
3
+ 4
f
)π, β + ǫ = (3
2
+ 6
f
)π, γ = (1
2
− 6
f
)π, δ = 2
3
π.
We have β + ǫ > γ + δ. By Lemma 1, this implies β > γ and δ < ǫ. By the
adjacent angle deduction γ γ → αǫ ǫα at H , we get a vertex ǫ ǫ · · · . Since
δ3 is a vertex and δ < ǫ, the value of the remainder of ǫ ǫ · · · is < δ < ǫ.
Therefore by the parity lemma, the remainder has at least two ab-angles. By
β > γ, the angle sum at ǫ ǫ · · · implies γ + ǫ ≤ π. Since βγǫ is a vertex, this
implies β ≥ π. Therefore β2 · · · is not a vertex. This contradicts the balance
lemma and the fact that α3γ2 is a vertex.
Suppose H = α3βγ. Then the angle sums at βγǫ, δ3, α3βγ and the angle
sum for pentagon imply
α = (1
3
+ 4
f
)π, β + γ = (1− 12
f
)π, δ = 2
3
π, ǫ = (1 + 12
f
)π.
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We have δ < ǫ. By Lemma 1, this implies β > γ, and further implies
β > (1
2
− 6
f
)π > γ. By the adjacent angle deduction β γ → αδ ǫα at H ,
we get a vertex δ ǫ · · · . Since the remainder of δǫ · · · has value (1
3
− 12
f
)π <
α, β, δ, ǫ, we get δǫ · · · = γkδǫ. Using the fact that δ ǫ comes from β γ, we
have adjacent angle deduction γ δ ǫ → αǫ ǫβ γδ at γkδǫ. This implies that
ǫ2 · · · is a vertex, contradicting to ǫ > π.
Suppose H = α3β2. Then the angle sums at βγǫ, δ3, α3β2 and the angle
sum for pentagon imply
α = (1
3
+ 4
f
)π, β = (1
2
− 6
f
)π, γ + ǫ = (3
2
+ 6
f
)π, δ = 2
3
π.
If β < γ and δ > ǫ, then γ > (3
2
+ 6
f
)π − δ = (5
6
+ 6
f
)π, and the remainder of
γ2 · · · has value < (1
3
− 12
f
)π < α, β, γ, δ. Moreover, since βγǫ is a vertex and
β < γ, the value is also < δ. Therefore γ2 · · · is not a vertex, contradicting
the balance lemma and the fact that α3β2 is a vertex. By Lemma 1, this
proves β > γ and δ < ǫ. This implies ǫ > (3
2
+ 6
f
)π − β = (1 + 12
f
)π > π.
Therefore ǫ2 · · · is not a vertex.
We have adjacent angle deduction β β → αδ δα at H , which gives a
vertex δ δ · · · . The remainder of δ δ · · · has value δ < ǫ. If the remainder is
a single δ, then by ǫ2 · · · not being a vertex, the adjacent angle deduction
of this δ3 is δ δ δ → βǫ βǫ βǫ . This contradicts the fact that δ δ comes
from β β. Therefore the remainder of δ δ · · · has no a2-angles. By the edge
length consideration, we have β δ δ or γ δ δ at δ δ · · · . By the adjacent
angle deductions β δ δ → αδ ǫβ βǫ and γ δ δ → αǫ ǫβ βǫ , and the fact
that ǫ2 · · · is not a vertex, we find that δ ǫ · · · is a vertex. By δ = 2
3
π and
ǫ > (1 + 12
f
)π, the value of remainder of δ ǫ · · · is < (1
3
− 12
f
)π < α, β, δ, ǫ.
Therefore the remainder has γ only. This implies γ δ ǫ at δ ǫ · · · . Since δ ǫ
comes from β δ, we have adjacent angle deduction γ δ ǫ → αǫ ǫβ δγ . In
particular, we find ǫ ǫ · · · is a vertex, a contradiction.
We will discuss the cases H = α4, α5 later.
Case 1.2.4
The partial neighborhood tiling in the third of Figure 38 has vertices β2δ, γ2ǫ, δǫ2,
and we have H = α3 · · · = α4, α5, α3β2, α3γ2, α3βγ. By the parity lemma,
the remainder of the vertex γ δ · · · shared by P4, P5 in the third of Figure 38
has one more β or γ. By comparing the angle sums at γδ · · · and β2δ, we
get β > γ. By Lemma 1, we get δ < ǫ.
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The angle sums at β2δ, δǫ2 imply β = ǫ and β + δ + ǫ = 2π. Then the
angle sum for pentagon imply α+ γ = (1 + 4
f
)π > π. By β > γ, this implies
α3β2, α3βγ, α3γ2 are not vertices. Therefore H = α4, α5.
Suppose H = α4. Then the angle sums at β2δ, γ2ǫ, δǫ2, α4 and the angle
sum for pentagon imply
α = 1
2
π, β = ǫ = (1− 8
f
)π, γ = (1
2
+ 4
f
)π, δ = 16
f
π.
Then β > γ implies f > 24. By the parity lemma and β > γ > 1
2
π, the
vertex γ δ · · · shared by P4, P5 is βγδ · · · or γ2δ · · · , with no ab-angle in the
remainder. Since β > γ and α + γ > π, the remainder has at most one α.
Since β > γ and γ2ǫ is a vertex, the remainder has no ǫ.
We claim that the remainder of this γ δ · · · (shared by P4, P5) has no δ.
If the remainder has δ, then by no ǫ, we get γ δ δ at the vertex. Since the
third of Figure 38 shows that γ δ comes from the adjacent angle deduction of
ǫ ǫ, we get adjacent angle deduction γ δ δ → αǫ ǫβ (βǫ) . Therefore β β · · ·
or β ǫ · · · is a vertex, with the remainder having value 16
f
π < 2α, γ, β (by
f ≥ 24). Then by the edge length consideration, we find β β · · · = αβ2, and
β ǫ · · · is not a vertex. The angle sum at αβ2 implies f = 32. Then δ = 1
2
π,
and by β > γ and the parity lemma, the angle sum at γ δ · · · = γ δ δ · · · is
≥ 2γ + 2δ > 2π, a contradiction.
We conclude that the vertex γ δ · · · shared by P4, P5 is βγδ, γ2δ, αβγδ, αγ2δ.
By β > γ, δ < ǫ and β2δ, γ2ǫ being vertices, βγδ, γ2δ are not vertices. By
α + β + γ + δ = (2 + 12
f
)π > 2π, αβγδ is not a vertex. Finally, if αγ2δ is a
vertex, then we have the adjacent angle deduction of γ δ γ , which implies
that β ǫ · · · is a vertex. Since we already proved β ǫ · · · is not a vertex, we
get a contradiction.
Suppose H = α5. Then the angle sums at β2δ, γ2ǫ, δǫ2, α5 and the angle
sum for pentagon imply
α = 2
5
π, β = ǫ = (4
5
− 8
f
)π, γ = (3
5
+ 4
f
)π, δ = (2
5
+ 16
f
)π.
By β > γ, we get f > 60. The adjacent angle deduction at α5 shows that
β γ · · · is a vertex. The remainder of the vertex has value (3
5
+ 4
f
)π = γ <
β = ǫ. By f > 60, the value is also strictly between δ and 2δ. This implies
that the remainder has no a2-angle. By the parity lemma, the remainder has
no ab-angle. Then by the edge length consideration, the remainder has no
α. We get a contradiction.
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Case 3.2
The partial neighborhood tiling in the second of Figure 39 has vertices
α3, βγδ, and we have H = ǫ2θ · · · , with θ = β or ǫ. The angle sums at
α3, βγδ and the angle sum for pentagon imply
α = 2
3
π, ǫ = (1
3
+ 4
f
)π.
Since βγδ is a vertex, by Lemma 4, a degree 3 vertex containing ǫ is
δ2ǫ, δǫ2, ǫ3, γ2ǫ. Given that α3, βγδ are vertices, the cases of δ2ǫ, δǫ2, γ2ǫ are
respectively covered by Propositions 11, 10, 15’. By f ≥ 24, we have ǫ ≤ 1
2
π.
Therefore ǫ3 is not a vertex. This proves that ǫ does not appear at degree 3
vertices. By [4, Lemma 8] and edge length consideration, one of δǫ3, ǫ4, ǫ5 is
a vertex.
Suppose δǫ3 is a vertex. Then the angle sums at α3, βγδ, δǫ3 and the angle
sum for pentagon imply
α = 2
3
π, β + γ = (1 + 12
f
)π, δ = (1− 12
f
)π, ǫ = (1
3
+ 4
f
)π.
We have δ − ǫ = 2(f−24)
3
π. By f ≥ 24 and δ 6= ǫ, this implies f > 24 and
δ > ǫ. By Lemma 1, this implies β < γ.
Since δ > ǫ, δǫ3 is a vertex, and ǫ does not appear at degree 3 vertices,
the only vertices consisting only of δ, ǫ are δ3, δǫ3.
Consider a vertex γ2 · · · . By β < γ, β+γ > π, and the parity lemma, the
remainder has no ab-angles. By 2α+2γ > 2α+β+γ > 2π, the remainder has
at most one α. By β < γ, the value of the remainder is < 2π−β−γ = δ < 3ǫ.
Since ǫ does not appear at degree 3 vertices, we get γ2 · · · = αγ2, γ2ǫ2.
The angle sum at αγ2 implies
α = γ = 2
3
π, β = (1
3
+ 12
f
)π, δ = (1− 12
f
)π, ǫ = (1
3
+ 4
f
)π.
By β < γ, we have f > 36. By the adjacent angle deduction αγ2 = γ α γ →
ǫα βγ αǫ , α β · · · is a vertex. By the parity lemma, we have α β · · · =
αβ2 · · · , αβγ · · · . The remainder of αβγ · · · has value (1
3
− 12
f
)π, which is
strictly less than all angles. Moreover, since β < γ and αγ2 is a vertex, the
value is nonzero. Therefore αβγ · · · is not a vertex. By f > 36, the remainder
of αβ2 · · · has value (2
3
− 24
f
)π < α, 2β, δ, 2ǫ, and the value is nonzero. By
β < γ and the parity lemma, we have α β · · · = αβ2ǫ, and the angle sum at
the vertex implies
α = γ = 2
3
π, β = 10
21
π, δ = 6
7
π, ǫ = 8
21
π.
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By adjacent angle deduction β ǫ β → αδ γδ δα at αβ2ǫ (see the first part
of Lemma 8), δ2 · · · is a vertex. The remainder of δ2 · · · has value 2
7
π. Since
this is not a combination of angle values, we get a contradiction.
The angle sum at γ2ǫ2 implies
α = 2
3
π, β = (1
3
+ 16
f
)π, γ = (2
3
− 4
f
)π, δ = (1− 12
f
)π, ǫ = (1
3
+ 4
f
)π.
By β < γ, we have f > 60. The remainder of β2δ · · · has value (1
3
− 20
f
)π,
which is nonzero by f > 60 and is strictly less than all the angles. Therefore
β2δ · · · is not a vertex. Since γ2ǫ2 is a vertex, Lemma 9 implies that δ2 · · ·
is a vertex.
Consider a vertex δ2 · · · . If the remainder has ab-angles, then by β < γ
and βγδ being a vertex, we get δ2 · · · = β2δ2 · · · . This implies β + δ ≤ π.
Then the angle sum at βγδ implies γ ≥ π, so that γ2 · · · is not a vertex.
Since this contradicts the vertex β2δ2 · · · and Lemma 7, we conclude that
the remainder of δ2 · · · has no ab-angle. By the edge length consideration,
this implies that δ2 · · · consists of only δ, ǫ. Since such vertices are δ3, δǫ3,
we get δ2 · · · = δ3. The angle sum at δ3 implies
α = δ = 2
3
π, β + γ = 4
3
π, ǫ = 4
9
π.
By β < γ, we have β < 2
3
π < γ. Then γ + ǫ > π, which implies that
γ2 · · · = γ2ǫ2 is not a vertex.
In summary, we first proved that, if γ2 · · · is a vertex, then δ2 · · · is a
vertex. Next we proved that, if δ2 · · · is a vertex, then γ2 · · · is not a vertex.
Combining the two, we find that γ2 · · · is not a vertex. By the balance lemma,
the only vertex involving ab-angle is βγ · · · , with no more ab-angle in the
remainder. The remainder of βγ · · · has value δ < 2α, α + ǫ, 3ǫ. By f > 60,
we also have δ > 2ǫ. Therefore βγ · · · = αβγ, βγδ. We also know vertices
without ab-angles are α3 (all edges are b), δ3, δǫ3 (all edges are a). Therefore
we get the anglewise vertex combination AVC = {α3, αβγ, βγδ, δ3, δǫ3}.
In the second of Figure 39, we already have P1, P2, P3, P4, P5. By the AVC,
P4, P5 share βγ · · · = βγδ. This gives P7, δ7. Since βǫ · · · is not a vertex, we
get β7, ǫ7, which determines P7. Then P4, P7 share βδ · · · = βγδ. This gives
P8, ǫ8, and further determines P8. Then P3, P4, P8 share ǫ
3 · · · = δǫ3. This
gives P9, δ9. Since γǫ · · · is not a vertex, we get β9, ǫ9, which determines P9.
BY the edge length consideration, P3, P9 share βγ · · · = αβγ. We also know
P2, P3 share α
2 · · · = α3. Then we see two α in a tile, a contradiction. This
completes the proof that δǫ3 is not a vertex.
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7.4 Pentagonal Subdivision
After all the previous classifications, only the following cases remain to be
classified.
• Case 1.2.1, second of Figure 38, H = α4 or α5.
• Case 3.2, second of Figure 39 (P7, P8, P9 not included), ǫ4 or ǫ5 is a
vertex, δǫ3 is not a vertex, and ǫ does not appear at degree 3 vertices.
Moreover, we always assume there is no 35-tile.
For Cases 1.2.1, and H = α4, the angle sums at α4, βγǫ, δ3 and the angle
sum for pentagon imply f = 24. Since there is no 35-tile, by the second part
of Lemma 3, every tile is a 344-tile. If we start with three tiles P1, P2, P3
around α4 as in the first of Figure 40, then we get the tiles P4, P5, P6, P7 as
indicated.
Without loss of generality, we may assume the angles of P1 are arranged
as indicated. Since βγǫ is a vertex, by Lemma 4, a degree 3 vertex γ · · · must
be βγǫ. Therefore P1, P2, P5 share βγǫ, and we get β2, ǫ5. Then β2 determines
P2. Since δ 6= ǫ and δ3 is a vertex, a degree 3 vertex ǫ · · · cannot have δ, ǫ
only. By the edge length consideration, this means ǫ · · · = β2ǫ, γ2ǫ, βγǫ. Since
β 6= γ and βγǫ is a vertex, the degree 3 vertex ǫ · · · must be βγǫ. Therefore
P1, P4, P5 share βγǫ. By ǫ5, this gives γ4, β5 and further determines P4, P5.
The way P1 determines P2, P4, P5 can be repeated with P2 in place of P1, and
further determine P3, P6, P7. More repetitions determine all the tiles in the
two layers around α4.
The vertex γǫ · · · shared by P5, P6 is βγǫ. This gives P8, β8, which further
determines P8. Since P5 is a 3
44-tile, P4, P5, P8 share a degree 4 vertex α
3 · · · ,
which must be α4 by the edge length consideration. Then the argument
starting from the initial α4 can be repeated for this new α4. More repetitions
give the pentagonal subdivision.
For Cases 3.2, and ǫ4 is a vertex, the angle sums at α3, βγδ, ǫ4 and the
angle sum for pentagon imply f = 24. This implies that every tile is a 344-
tile, and we get tiles P1, P2, P3, P4, P5, P6, P7 around ǫ
4 as in the second of
Figure 40.
Without loss of generality, we may assume the angles of P3 are arranged
as indicated. Since βγδ is a vertex, by Lemma 4, a degree 3 vertex γ · · · is
βγδ or γ2ǫ. Therefore P2, P3 share βγδ or γ
2ǫ. If they share γ2ǫ, then we
either get two ǫ in P2, or γ
2ǫ is γ γ · · · . Both are contradictions. Therefore
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Figure 40: Pentagonal subdivision tiling.
P2, P3 share βγδ. Since β, ǫ are not adjacent, we get δ2, β7, which further
determine P2, P7. Then P2, P7 share a degree 3 vertex βδ · · · = βγδ. This
gives γ6 and further determines P6. The way P3 determines P2, P6, P7 can
be repeated with P2 in place of P3, and further determine P1, P5, P4. More
repetitions determine all the tiles in the two layers around ǫ4.
Since ǫ does not appear at degree 3 vertices, the vertex ǫ2 · · · shared by
P4, P5 has degree 4. Since this is also a vertex of P8, all other vertices of
P8 have degree 3. In particular, ǫ does not appear at these other vertices.
Therefore P4, P5, P8 share degree 4 vertex ǫ
3 · · · , which must be ǫ4 by the edge
length consideration. Then the argument starting from the initial ǫ4 can be
repeated for this new ǫ4. More repetitions give the pentagonal subdivision.
Next we consider Case 1.2.1, H = α5, and Case 3.2, ǫ5 is a vertex. In
both cases, we have f = 60. To repeat the argument above for H = α4
and ǫ4 is a vertex, we need to solve two problems. The first is no 344-tile.
The second is to make sure degree 5 vertices α3 · · · and ǫ3 · · · are α5 and
ǫ5. Moreover, from the second of Figure 40, we may assume adjacent angle
deduction ǫ ǫ ǫ → γδ γδ γδ at this ǫ3 · · · .
For the problem of no 344-tile, after all the previous works, it is sufficient
to assume that the partial neighborhood of the 344-tile is the second of Figure
38 or the second of Figure 39, with the possibility of exchanging β ↔ γ and
δ ↔ ǫ.
Consider Case 1.2.1, H = α5. If the vertex H in the partial neighborhood
in the second of Figure 38 has degree 4, then the vertex is α4, contradicting
the fact that α5 is a vertex. If a tile has the partial neighborhood in the
second of Figure 39, then α3 is a vertex, contradicting the fact that α5 is
a vertex. This proves that there is no 344-tile. Then by the third part of
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Lemma 3, every tile is a 345-tile. We may repeat the argument given by the
first of Figure 40, until we reach the vertex α3 · · · shared by P4, P5, P8. The
vertex has degree 5. If α3 · · · is not α5, then by the edge length consideration,
the remainder of α3 · · · consists of two ab-angles. Since every tile is 345-tile,
this implies αβ · · · and αγ · · · are degree 3 vertices. By β 6= γ and the parity
lemma, this implies that αβγ is a vertex. The angle sum at αβγ implies
α = ǫ = 2
5
π, β + γ = 8
5
π, δ = 2
3
π.
We have δ > ǫ. By Lemma 1, we have β < γ. This implies that the degree
5 vertex α3 · · · 6= α5 is α3β2. The angle sum at α3β2 then implies
α = β = ǫ = 2
5
π, γ = 6
5
π, δ = 2
3
π.
In Figure 41, we have the neighborhood of α3β2. The edges length of the
five tiles around α3β2 are uniquely determined, and we may determine P3.
Without loss of generality, we may assume the angles of P1 are arranged as
indicated. By γ > π, γ2 · · · is not a vertex. Therefore the degree 3 vertex
γ · · · shared by P1, P2 is βγ · · · . This gives β2 and determines P2. The
remainder of the degree 3 vertex αγ · · · shared by P2, P3 has value 25π and
must be a single ab-angle. Therefore the vertex is αβγ. This gives P4, β4,
and further determines P4. Then the remainder of the degree 3 vertex δǫ · · ·
shared by P2, P4 has value
14
15
π and must be a single angle. Since 14
15
π is not
the value of any angle, we get a contradiction. This proves that a degree 5
vertex α3 · · · must be α5, and the proof may continue to show that we get
the pentagonal subdivision at the end.
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Figure 41: Neighborhood of α3β2.
Finally, we study Case 3.2, with ǫ5 being a vertex. After finishing Case
1.2.1, we only need to answer two problems for the second of Figure 39
(P7, P8, P9 not included). We also recall that ǫ does not appear at degree 3
vertices.
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For the problem of no 344-tile, we only need to consider the possibility
that the vertex H in the second of Figure 39 has degree 4. The possibilities
for such H are δǫ3, ǫ4, ǫ2 · · · with two ab-angles in the remainder. We already
know δǫ3 is not a vertex, and H = ǫ4 contradicts ǫ5 being a vertex. Therefore
by the adjacency, we have A6,12 = β, and H = β
2ǫ2, βγǫ2. By A6,12 = β, we
also know P5, P6 share a vertex δǫ · · · .
If H = β2ǫ2, then the angle sum at α3, βγδ, ǫ5, β2ǫ2 and the angle sum for
pentagon imply
α = 2
3
π, β = 3
5
π, γ + δ = 7
5
π, ǫ = 2
5
π.
By β + ǫ < γ + δ and Lemma 1, we get β < γ and δ > ǫ. Since β2ǫ2 is a
vertex, by the balance lemma, γ2 · · · is a vertex. By β < γ, the value of the
remainder of γ2 · · · is < 2π − 2β = 4
5
π = 2ǫ < 2α, α + ǫ, 2β. By β < γ and
δ > ǫ, this implies γ2 · · · = αγ2, γ2ǫ, γ2δ. Since βγδ is a vertex, γ2δ is not
a vertex. If γ2ǫ is a vertex, then by α3, βγδ being vertices, we may apply
Proposition 15’ to conclude no tiling. If αγ2 is a vertex, then the angle sum
at the vertex implies
α = γ = 2
3
π, β = 3
5
π, δ = 11
15
π, ǫ = 2
5
π.
Since the remainder of δǫ · · · shared by P5, P6 has value 1315π and the value is
not a sum of angles, we get a contradiction.
If H = βγǫ2, then the angle sum at α3, βγδ, ǫ5, βγǫ2 and the angle sum
for pentagon imply
α = 2
3
π, β + γ = 6
5
π, δ = 4
5
π, ǫ = 2
5
π.
We have δ > ǫ. By Lemma 1, this implies β < γ. The remainder of δǫ · · ·
shared by P5, P6 has value
4
5
π = δ = 2ǫ < β + γ. By β < γ and the edge
length consideration, we get δǫ · · · = δ2ǫ, δǫ3, βkδǫ, k even. Since α3, βγδ are
vertices, the case δ2ǫ is a vertex is handled by Proposition 11. We also know
δǫ3 is not a vertex. Therefore we may assume βkδǫ is a vertex. If k ≥ 4, then
the angle sum at the vertex implies β ≤ 1
5
π. This implies γ = 6
5
π − β ≥ π.
Therefore γ2 · · · is not a vertex, contradicting to βkδǫ being a vertex and the
balance lemma. Therefore β2δǫ is a vertex, and the angle sum at the vertex
implies
α = 2
3
π, β = ǫ = 2
5
π, γ = δ = 4
5
π.
The angles are the same as (5.2), and the proof of Proposition 11 already
showed that there is no pentagon with such angles.
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This completes the proof of no 344-tile. By f = 60 and the third part
of Lemma 3, every tile is a 345-tile. Next we need to prove that if a degree
5 vertex ǫ3 · · · has adjacent angle deduction ǫ ǫ ǫ → γδ γδ γδ , then the
vertex must be ǫ5.
If this ǫ3 · · · is not ǫ5, then ǫ3 · · · = β2ǫ3, γ2ǫ3, βγǫ3. The assumption on
the adjacent angle deduction of ǫ ǫ ǫ implies the following adjacent angle
deductions at this vertex
ǫ β β ǫ → γδ δα αδ γδ ,
ǫ γ γ ǫ → γδ ǫα αǫ γδ ,
ǫ β γ ǫ → γδ δα αǫ γδ .
Since every tile is a 345-tile, all vertices obtained on the rigth have degree 3.
In the second and third cases, the degree 3 vertex γ ǫ · · · is βγǫ or γ2ǫ, by the
edge length consideration. Since βγδ is a vertex, we know βγǫ is not a vertex.
If γ2ǫ is a vertex, the by α3, βγδ being vertices, Proposition 15’ implies no
tiling. In the first case, the degree 3 vertex α α · · · is α3. Since α α comes
from β β, the adjacent angle deduction of this α3 also gives a vertex γ γ · · · .
Moreover, the vertex γ γ · · · has degree 3, because it and the degree 5 vertex
ǫ3 · · · belong to the same tile. By the edge length consideration and βγδ
being a vertex. The degree 3 vertex γ γ · · · is γ2ǫ. Then Proposition 15’
again implies no tiling. This completes the proof that the degree 5 vertex
ǫ3 · · · with the adjacent angle deduction assumption is ǫ5. The rest of the
argument then follows and gives the pentagonal subdivision.
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